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The tangent vector of the light trajectory at future infinity and the angle of total
light deflection in the gravitational field of an isolated axisymmetric body at rest with
full set of mass-multipoles and spin-multipoles is determined in harmonic coordinates
in the 1PN and 1.5PN approximation of the post-Newtonian (PN) scheme. It is found
that the evaluation of the tangent vector and of the angle of total light deflection
caused by mass-multipoles and spin-multipoles leads directly and in a compelling
way to Chebyshev polynomials of first and second kind, respectively. This fact
allows to determine the upper limits of the total light deflection, which are strictly
valid in the 1PN and 1.5PN approximation. They represent a criterion to identify
those multipoles which contribute significantly to the total light deflection for a
given astrometric accuracy. These upper limits are used to determine the total light
deflection in the gravitational field of the Sun and giant planets of the solar system.
It is found that the first few mass-multipoles with { < 10 and the first few spin-
multipoles with [ < 3 are sufficient for an accuracy on the nano-arcsecond level in

astrometric angular measurements.
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I. INTRODUCTION

The precision in angular measurements of celestial objects has reached the micro-
arcsecond (pas) scale of accuracy. This level of precision requires a relativistic modeling
of light trajectories in the curved space-time of the solar system, where not only the mass-
monopole structure of the solar system bodies needs to be taken into account, but also the
mass-quadrupole structure of some giant planets. In particular, the space-based astrometry
mission Gaia of the European Space Agency (ESA) measures angular distances between
stellar objects with an accuracy of about 5 pas [1, 2], which allows to detect the effect of
light deflection caused by the mass-quadrupole structure of the giant planets Jupiter and
Saturn. Near future astrometry missions are aiming at the sub-micro-arcsecond (sub-puas)
level in angular measurements [3, 4], where it becomes possible to detect not only the light
deflection effect caused by higher mass-multipoles but perhaps also spin-multipoles of solar
system bodies. In fact, there are several astrometry missions proposed to ESA, which are
aiming at such unprecedented level of astrometric precision, like the astrometry missions
Gaia NIR [5], Theia [6], Astrod [7, 8], Lator [9, 10], Odyssey [11], Sagas [12], or TIPO [13].

A precise relativistic modeling of light trajectories in the curved space-time of the solar
system is required, in order to interpret such astrometric measurements correctly. In the flat
space-time, assumed to be covered by Minkowskian four-coordinates (2%, z!, 22, 2%), a light
signal which is emitted at some initial time ¢y, by some light source located at x( in spatial

direction o, propagates along a straight line,
Q?N(t):JJO—I—C(t—to)O', (]_)

where sublabel N stands for the unperturbed light ray according to Newtonian theory, while
according to general theory of relativity, a massive body causes space-time to curve and light
is no longer propagating along a straight line, but along geodesics of the curved space-time.

For weak gravitational fields, like in the solar system, the light trajectory is then given by
x(t)=xo+c(t—ty)) o+ Ax(t) (2)

where Az (t) denote the corrections to the unperturbed light ray. The light trajectory (2) is
curvilinear and the angle of total light deflection, denoted by d (o, v), is the angle between

the three-vectors o and v, which are the unit tangent vectors along the light trajectory at



past and future infinity, respectively, defined by

, (3)

, (4)

t—+o0
where a dot means differentiation with respect to coordinate time. The total light deflection
is an upper limit for bending of light by the massive body, in the sense that if the light
source or the observer are located at finite spatial distances from the body, then the light
deflection angle would become smaller than the total light deflection angle.

For weak gravitational fields and slow motions of matter one may apply the post-
Newtonian (PN) approximation (weak-field slow-motion approximation). In the 1.5PN ap-
proximation, the unit tangent vector of light ray at future infinity, caused by a spherically

symmetric body at rest in uniform rotational motion with period 7', is given by [14-18]
v=0+vipy + Uiy + O (7). (5)

The mass-monopole term reads (e.g. Eq. (16) in [18])
v AGM d,

Vipn = T2d, 4’ (6)
where G is the Newtonian gravitational constant, M is the mass of the body, ¢ is the speed
of light, and d, is the impact vector of the unperturbed light ray and its absolute value,
dy, is the impact parameter. In case of the Sun, the total light deflection (6) amounts to
1.75 arcsecond for grazing rays, an effect which belongs to the most famous predictions of
the general theory of relativity in 1915 (cf. text below Eq. (75) in [14]).

The spin-dipole term reads (Eq. (60) in [18] or Eq. (72) in [21])

sy 4G (o xdy)-S d,
V15PN = e (d,)? 2 d, d,

+ (o x S) |, (7)
where the intrinsic angular momentum in (7) is given by
S=k2MQP%e, . (8)

where 2 is the dimensionless moment of inertia, = 27/T is the angular velocity of the
body, P its equatorial radius, and es is the unit vector along the rotational axis. The effect

of total light deflection caused by the rotational motion (7) in case of the Sun amounts to



0.7 micro-arcsecond for grazing rays, an effect which becomes detectable at the sub-micro-
arcsecond level of astrometric precision.

The expression in (5) with (6) and (7) determines the total light deflection in the gravita-
tional field of a spherically symmetric body in uniform rotation. In reality, however, massive
bodies are not spherically symmetric, but can be of arbitrary shape, inner structure, oscilla-
tions, and rotational motions of inner currents. The gravitational fields of such gravitational
systems are determined with the aid of multipole expansion, which is a series expansion of
the metric tensor in terms of mass-multipoles M}, (mass-monopole, mass-quadrupole, mass-
octupole, etc.) and spin-multipoles Sy, (spin-dipole, spin-hexapole, spin-decapole, etc.) [15—
17]. The multipole expansion of the gravitational fields implies a corresponding multipole
expansion of the exact light trajectory in (2). Accordingly, the expressions (6) and (7) rep-
resent only the first terms of an infinite multipole series of the unit tangent vector v in (4)

(e.g. Eq. (11) in [18]),
V:a—l—ZV%ﬁ\mLZl/fgpN%—O(c_‘l), 9)
1=0 =1
as well as of the angle of total light deflection, ¢ (o, v) = arcsin |o x v/, [61],

d(o,v)= 26(0', Vik) + 25(0', Vf%PN) +0 (), (10)

1=0 =
where the terms of second post-Newtonian order (2PN) have been neglected in (9) and (10);
see also the final comment in the summary Section below Eq. (133). The 1PN and 1.5PN
expressions for the unit tangent vector in (9) and for the angle of total light deflection (10)
have been derived for the first time in [19] for the most general case of one body at rest with
full mass-multipole and spin-multipole structure.

In order to determine the unit tangent vector in (9) as well as the angle of total light
deflection in (10) and their upper limits one may consider the model of an axisymmetric
body in uniform rotational motion around its axis of symmetry. In this investigation it has
been found, that the calculation of both these observables in (9) and (10) leads directly to
Chebyshev polynomials of first and second kind, 7; and U; [23, 24]. This remarkable feature
allows two important things: (a) it allows to derive the expressions for the unit tangent
vector at future infinity in a straightforward manner and (b) it allows for a straightforward

determination of the upper limit of the angle of total light deflection, because the upper



limits of Chebyshev polynomials are given by
7] <1 and |U_4| <. (11)

The angle of total light deflection represents the upper limit for the bending of light by
some massive body. Therefore, the upper limits derived in this investigation allow for a
straightforward determination of the maximal effect of light deflection for realistic solar
system bodies. Furthermore, they can be reached by realistic astrometric configurations. In
this sense they are just the upper limats.

The manuscript is organized as follows: In Section II the multipole decomposition of
the metric for an isolated body as well as the geodesic equation for light rays is given.
Furthermore, the approach presented in [19] about how to derive the light trajectory in
1PN and 1.5PN approximation is considered. The formal expressions for the total light
deflection in 1PN and 1.5PN approximation are given in Section III. The mass-multipoles
and spin-multipoles for an axisymmetric body in uniform rotational motion are presented
in Section IV. In Section V the total light deflection caused by mass-multipoles and spin-
multipoles of an axisymmetric body are calculated and it is demonstrated that the total
light deflection is given by Chebyshev polynomials. Furthermore, their upper limits are de-
termined. Numerical results for the total light deflection at the Sun and the giant planets of
the solar system are shown in Section VI. A summary is given in Section VII. The notations,

conventions and details of the calculations are shifted into a set of several appendices.

II. METRIC TENSOR AND GEODESIC EQUATION

A. Metric tensor and geodesic equation

Let the space-time be covered by harmonic four-coordinates, x# = (2°, z!, 2%, 3), where

2% = ct is the speed of light times coordinate time, while 2!, 22, 2® are the spatial coordinates,
and the origin of spatial axes is assumed to be located at the center-of-mass of the body. The
metric tensor of the curved space-time in the exterior of the massive body is assumed to be
time-independent. In the post-Newtonian scheme the metric tensor can be series-expanded

in terms of inverse powers of the speed of light, which in the time-independent case is given



by [15-17],
Gas () = 0o + hE) () + 1) () + O(c™), (12)

where the non-vanishing metric perturbations, in canonical gauge, are [17, 25-27] [62]

hisy (:B):%i (_ul)l My (’%%, (13)
=0 z
héf) (z) = % lzzl: ((l_—i)l)l' €iab Shr—1 éaL—l% ; (14)
W (@)= 20,3 (‘u”l A (15)
1=0
where r = || and
d, =STF 0 0 (16)

it G
where the hat in §;, indicates the symmetric tracefree (STF) operation with respect to the
indices L = iy ...14;, which makes a Cartesian tensor symmetric and tracefree with respect
to all spatial indices; for details see Appendix B. The mass-multipoles and spin-multipoles

for a stationary source of matter are given by (cf. Eqs. (5.38) and (5.41) in [27])

My, :/d% 2L X+0(cY), (17)
SL :/d3$ €ik<iy i’L,1> .CEj Ek -+ @) (674) s (18)

where the integration runs over the volume of the body and the notation ¥ = (7% + T**) /2
and X% = T% /c has been adopted, with 7" being the stress-energy tensor of the body.
In flat (Minkowskian) space-time, a light signal which is emitted at some initial time, to,

into some three-direction, o, propagates along a straight trajectory,
$N:w0+c(t—t0)0'. (19)

In curvilinear space-time the light trajectory is determined by the geodesic equation, which

in 1.5PN approximation reads [28, 29|

e 2 2 3 (3) (3)
it (t) _ ah(()p) 9 ah(()q) ol — ah(();) 5 ahoj ol — Ohg;
c? ox’ oxJ oxJ oxt oxk

up to terms of the order O (¢=*). The double-dot on the left-hand side in (20) means twice of

olodoh (20)

the total differential with respect to the coordinate time, and hg) = h(()%) di; has been taken



into account. The geodesic equation (20) is a differential equation of second order. Thus,
a unique solution of (20) requires initial-boundary conditions [18-20, 28-31]: the spatial

position of light source @y and the unit-direction o of light ray at past infinity,

xy = x(t) o (21)
o=20 (22)

with o - o = 1. The geodesic equation (20) can be solved by iteration, and the solution of

first and second integration reads formally

©(t) _ . i Adyik (1) N i Adrthpy (1) , (23)
¢ 1=0 ¢ =1 ¢

x(t)=ax (1) + Y Azl (tto) + Y Axihoy (tt0) (24)
=0 =1

up to terms of the order O (c™*). The metric (12) is valid in the entire space, while in
the geodesic equation (20) the metric components have to be taken at the concrete spatial
position of the unperturbed light ray (19) at coordinate time ¢. This fact implies that one
has, first of all, to perform the differentiations in the metric components (13) - (15) as well as
in the geodesic equation (20), and afterwards one may replace the spatial variable by the
unperturbed light ray @y (¢). Then, in the very final step, one may perform the integration
of geodesic equation. However, that standard procedure leads to cumbersome expressions
already for the very first few multipoles. Therefore, advanced integration methods have been
developed in [19], which allows one to integrate (20) exactly and which will be considered

in what follows.

B. Metric tensor and geodesic equation in terms of new variables (c7, £)
In the approach in [19] advanced integration methods were introduced, basing on the new
parameters,
cT=0 TN, (25)
=Pl (26)
where the unperturbed light ray is given by Eq. (19) and the operator

Pl =§i — gigi (27)
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is a projection operator onto the plane perpendicular to vector o. Clearly, by inserting the
unperturbed light ray (19) and the projector (27) into (26), one may identify the auxiliary
variable & as impact vector d, of the unperturbed light ray, which will later been introduced
by Eq. (45). Here, we prefer to keep the notation of [19] and shall distinguish between these
both three-vectors. Like the spatial and time variable,  and t, also these new variables, &
and cr, are independent of each other. The unperturbed light ray &y and its absolute value

rN = |®x| can be parameterized in terms of these new variables and take the form

=&+ cTOo, (28)
=TT (29)

where in (29) it has been used that the three-vector £ is laying in the two-dimensional
space perpendicular to the three-vector o. Therefore, that vector has only two independent
components and the partial derivatives in this plane are given by (cf. Eq. (23) in [19], see

also Eq. (11.2.12) in [32])

Then, the spatial derivatives in (13) - (15), when transformed in terms of these new variables,
are given by (cf. Eq. (20) in [19])

0 0 0
+ o; % s (31)

oxt  9&

where £ means a three-vector in the two-dimensional plane perpendicular to o. In practical

calculations it is, however, often convenient to treat the spatial components of this vector &
as formally independent and, therefore, a subsequent projection onto this two-dimensional
plane by means of P is necessary (cf. text above Eq. (31) in [29]). Accordingly, one gets
the familiar result (see also Eq. (11.2.13) in [32])

o
agj:(sj:(sﬁz(sij, (32)
with subsequent projection into the two-dimensional plane perpendicular to three-vector o,
g
k _ Pt _ Pt
P =P =P =P, 33

That means, for the spatial derivatives, when transformed into derivatives expressed in terms

of these new variables, one obtains

(34)
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This relation coincides with Eq. (33) in [29] in case of time-independent functions. It is
notice that (34) in combination with (32) is identical with (31) in combination with (30).
Here, we will prefer this procedure in (34), that means we will consider the spatial com-
ponents of & as three independent components of the three-vector £ with a subsequent
projection into the two-dimensional plane perpendicular to the three-vector o. Then, using

(34) and the binomial theorem [23, 24],

(a+b) = Xl: (;) a=Pur (35)

p=0

(é) - z#!—p)! (36)

are the binomial coefficients, one finds for [ partial derivatives (16) expressed in terms of

where

these new variables

é —STF. . i l—!O" o Pjp+1 le 0 0 0 p (37)
L — 21...2] g p‘ (l _ p)' 1 Yp T gy i agjp+1 e ag]l 807' )

where the hat in 9, indicates the STF operation with respect to the indices L = iy ... 4; [63].

The metric tensor (12) with (13) - (15) in terms of these new parameters (cr, §) reads

Gas (7, €) = 1o + B} (c1,€) + W) (c1,€) + O(c ™), (38)

where non-vanishing metric perturbations in terms of these new variables are given by [19]

[64]

2 X (=1) 1
=0 !
4 S (—1 1
héi') (e, 8) = _32 ((l )1) €iab Sh-1 Oar— Dol (40)
=1
2 = (=1 1
b (er. )= 505 ) M, 8LE : (41)

=0

Accordingly, the metric tensor (38) depends both on spatial variable £ as well as on time-
variable c7, besides that the metric describes the stationary curved space-time caused by
the massive body at rest with time-independent mass-multipoles and time-independent spin-

multipoles. The geodesic equation (20) expressed in terms of these new variables ¢t and &



12

reads [29]
)0l o o) | o .
c? &I det det ock

up to terms of the order O (¢=*). The double-dot on the left-hand side in (42) means twice
of the total differential with respect to the new variable 7. We also note that the signature of
the metric has been chosen such that covariant and contravariant spatial indices are equal,
while covariant and contravariant time indices differ by a sign in front. For instance: & = §;
and hg; = h), but ho; = —hY.

The decisive advantage of (42) compared to (20) is that the metric components (39) - (41)
are given in terms of the unperturbed light ray and, therefore, the integration of the geodesic
equation (42) can immediately be performed with respect to the integration variable cr.
After that integration of the geodesic equation all differentiations can be computed, which
still need to be performed according to the metric components in (39) - (41) as they have
to be implemented into the geodesic equation (42). That solution for the first and second

integration of (42) reads formally

¢ 1=0 ¢ =1 ¢
x(T)=axN (1) + Z Azl (1, 70) + Z Azt (T,70) (44)
1=0 I=1

up to terms of the order O (¢™*); the unperturbed light ray @y () in (44) is given by
Eq. (28). The explicit expressions of (43) and (44) are given by Egs. (32), (34), (37) in [19]
and Eqgs. (33), (36), (38) in [19], respectively. The solutions in (43) and (44) are still given in
terms of the auxiliary variables c¢r and &. After performing all differentiations with respect
to these auxiliary variables, one obtains the solutions of the first and second integration of
geodesic equation in terms of the four-coordinates (ct, ), that means the solutions in (23)
and (24), respectively, just by replacing the auxiliary parameter ¢r by o - &y and € by the
impact vector d, of the unperturbed light ray, which is defined by

d,=0 x (xg X 0). (45)

The impact vector is a three-vector which points from the origin of coordinate system (center
of mass of the body) towards the unperturbed light ray at their closest distance, as elucidated
in Figure 1. The absolute value of the impact vector, d, = |d,|, is denoted as impact

parameter.
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III. TOTAL LIGHT DEFLECTION IN CASE OF A BODY WITH ARBITRARY
SHAPE AND IN ARBITRARY ROTATIONAL MOTIONS

A. The tangent vector of light ray at future infinity

The unit tangent vector along the light trajectory at future infinity is defined by

: (46)

¢ t—4o00

with v - v = 1. The coordinate velocity of the light signal, & (7), has been obtained for the
case of a massive body at rest with full mass and spin multipole structure in [19] and for
the case of a slowly moving massive body with full mass and spin multipole structure in
[30, 31}, which agrees with [19] in case of a body at rest. In the limit 7 — +o0 one obtains
from Eq. (30) with (34) and (37) in [19] in 1.5PN approximation (e.g. Eq. (11) in [18]),

v= U+ZV1PN+ZV15PN (), (47)

where the individual terms in the sum (47) are

M, 4G(—1)ZM 5 '3

Vien =" 5y Mrdr W ; (48)
8G . (=D'I ¢
VfléPN 0_30 Eabcm SbL laaL 1—/5 |£| (49)

It can be shown that (47) is a unit vector up to higher order terms: v -v =1+ O (c™?).
Let us notice again that after performing the differentiation in (48) and (49) with respect to
& this auxiliary vector is replaced by the impact vector d, and that the "hat’ implies STF
with respect to all indices, e.g.: SbL,l = STFy;_1 Spr.—1 and (iL,l = STF,;_1 0,r—1. These
expressions for the total light deflection in (48) and (49) can also be deduced from Eqgs. (110)
and (113) in [31] in the limit of a massive body at rest as well as in the limit 7 — +oo. It
is noticed that the mass-dipole term (i.e. { =1 in (48)) vanishes if the origin of spatial axes
is located at the center-of-mass of the massive body.

The expressions for the three-vector of total light deflection in (48) and (49) can be
rewritten in a considerably simpler form by using the relation

5 51 8
PY —1 =P9 01
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which is valid for any [ > 1. It is noticed that the projector in (50) has to be implemented,
because € on the Lh.s. of (50) is a three-vector in the plane perpendicular to three-vector
o, while in the derivative in the first term on the r.h.s. of (50) the vector £ is treated as
spatial vector with three independent components, hence afterwards it has to be projected
back into the plane perpendicular to three-vector o, in line with the statements made

between Eqgs. (32) and (34). By inserting (50) into (48) and (49) one obtains for the spatial

components
i 4G ij 9 (_1)l r A
VH:]E{\IL :—?P]a—é] l' ML 8L h’l‘é’, (51)
. g 1 . .
5L 8GP” 0 e (=1) Spr—10r In|€], (52)

YIsPN T T3 agi g Eizbcm
where from (49) to (52) the summation index has been renamed, a — i;, in favor of a simpler
notation for the differential operator d;,,_; = dz. From (51) and (52) follows immediately
that o - vtk = 0 as well as o - V%, = 0, hence v is, in fact, a unit-vector, that means
v-v =1 up to terms beyond 1.5PN approximation.

In order to determine the three-vector of total light deflection (47) with (51) and (52),
we need the term

Oy In|¢|=STF,, , P ... P 0 0

11 2] agh 8§Jl H‘€|, (53)

where the differential operator d;. has been defined by Eq. (37) and it has been taken into
account that one only needs the term p = 0 in (37), because In €] is independent of 7. The
expression (53) has been calculated in Appendix C and reads (cf. Eq. (C32) in Appendix
C):

[1/2]
é In |€| — (_1)l+1 STF Gl 2 P &Qnﬂ R &l 54
L - €|l 11...9] Z n Livie +++ Liop_1ion |£|l——2n , ( )
n=0

which is valid for any natural number [ > 1 and the more explicit form for the tensor
iy = &y oo &/ €|' has been inserted; the notation [I/2] means the largest integer less
than or equal to [/2 (see also Eqgs. (B11) and (B12)). The expression in (54) is considerably
simpler that the expression in (53), because the differentiations with respect to the auxiliary
variable & have been performed. Accordingly, one is allowed to replace the auxiliary variable

& by the impact vector d,. Here, such a replacement is postponed for awhile in favor of
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simpler notation for the moment being. The scalar coefficients in (54) are given by (cf.

Eq. (C34) in Appendix C)

G, =(-1)" 27 7:! —(l(l__";l;‘) (55)
Inserting (54) into (51) and (52) yields
it 4Gy 0 Ly 1 A s o &
view = — P" % i M, Fi, . ”ZG vin - Poy NPT (56)
1/2)
vtk = i—gpij% chilbc(l—:l)' el SbL 1 STF;, . zlnzoGl s - - Pigy_yion %,
(57)

which is the final form for the components of the unit tangent vector (47) of the light
trajectory at future infinity. Because these terms in (56) and (57) are perpendicular to

vector o, one concludes immediately that the tangent vector (47) is, in fact, a unit vector.

B. The angle of total light deflection

The total light deflection angle is defined as angle between the unit tangent vector along

the light trajectory at past and future infinity,
d (o, v)=arcsin|o X v/, (58)

where o was defined by (22), while the unit-vector v is defined by (46). This angle (58)
follows from (47) to be (e.g. Eq. (12) in [18]),

V):ZaxylPN+ZUXV15PN +0 (™), (59)
1=0

where arcsinz = z + O (2%) for z < 1 has been used. The effect of the monopole field is
several orders of magnitude larger than the higher mass-multipole or spin-multipole terms.
Accordingly, by taking the monopole term out of the total sum in (59), then performing
a series expansion of (59) and keeping only terms which are linear in the multipoles, one
obtains the total light deflection (59) in the following form (see also Egs. (14) and (20) in
[18] as well as Eqgs. (44) and (46) - (48) in [19]),

:Z(S LRz "‘25 LRz )+ 0 (c), (60)
1=0
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where the individual multipole terms are (cf. Egs. (20) and (61) in [18] as well as text above
Eq. (44) and above Eq. (50) in [19]),

d,
5 (o vlih) ——vilh % o)
d,
0 (0'7 VfLE')PN) = _Vf%PN I (62)

In order to get (61) and (62), also the relation |0 X v| = | X (v X o) | has been used. The
expression in (61) and (62) contain all terms which are linear in the multipoles, while terms
are neglected, which are products of mass and spin multipoles. Clearly, in actual astrometric
observations the total light deflection (60) with (61) and (62) is the relevant quantity, rather
than |o x vk | or |o x Lo | [18, 19].

When the spatial components of the unit tangent vector (51) and (52) are inserted into
(61) and (62), one encounters the following term,

0
S’P”géh In[¢] = (1) Oy, lng], (63)

which is valid for [ > 1. This relation can be shown by calculating the left-hand side

of (63), where J In|€| is given by the expression in (54) and taking into account that

§i% Eipmrr - -- & /1€]72" = 0. Then, using relation (63), one obtains for the mass-multipole
and spin-multipole terms in (61) and (62) the following expressions,
wpy o AG 1 (=)0
§ (o, vipy) = 0o My 9 In|g|, (64)
8G 1 (=D s
5 (0' VfLSPN) Eﬁach meL,lﬁaL,l ln |£’ s (65)

which are valid for [ > 1; see also Egs. (47) and (48) in [19] (for the overall sign of the spin
multipole terms see also footnote 3 in [33]). The expressions in (64) and (65) are further
treated by inserting (54) into (64) and (65), which yields the total light deflection caused by

the mass-multipole and spin-multipole structure of the body,

v [1/2]
G o1 ot &
(5 (0-7 U%[N) = ? —’£|l+1 _(l _ ' 11 K7 Z Gl 1122 ce . ’Lgn 1%2n : ‘21|l—2n : ) (66)
SL 8G 1 o° ! SbL 1 e l €i2n+l e fil
5 (0-7 V15PN) — l—l—l ’lec l + 1 (l _ 1) STF’Ll ” Z G 1122 o e P7:2n71i2n —l—2n 9
¢ 1] = I3

(67)
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which are valid for any natural number [ > 1. The mass-multipoles, M 1, and the spin-
multipoles, S 1, for a body being of arbitrary shape, inner structure, rotational motions and
inner currents, are given by Eqgs. (17) and (18), respectively. Accordingly, the expressions in
(66) and (67) represent the total light deflection in the gravitational field of a body being of
arbitrary shape, inner structure, as well as rotational motions of inner currents. The term
in (66) is a scalar, while (67) is a pseudo-scalar, a fact which implies that they are invariant
under arbitrary rotations of the spatial axes of the coordinate system.

In order to calculate the numerical values of the light deflection vectors in (56) and (57)
and the light deflection angles in (66) and (67), one needs the explicit expressions for the
multipoles in (17) and (18). This will be the subject in the subsequent Section.

IV. THE MULTIPOLES FOR AN AXISYMMETRIC BODY

In order to calculate the total light deflection in (66) and in (67) one has to determine the
mass-multipoles M, and spin-multipoles Sy as defined by Eqs. (17) and (18), respectively.
For that one has to consider a concrete model for the massive solar system bodies. To a good
approximation, especially for the Sun and the planets, a massive solar system body can be
described by a rigid axisymmetric structure with radial-dependent mass-density, having the

shape

+ + —1, (68)

where A # B # C' are the principal semi-axes of the body; we note that for an axisymmetric
ellipsoid we would have A = B. Furthermore, the body can be assumed to be in uniform
rotational motion around the symmetry axis, es, of the body. If the coordinate system is
chosen such that the rotational axis of the massive body is aligned with the z3-axis of the
coordinate system, ez = (0,0, 1), then, the mass-multipoles (17) and spin-multipoles (18)

are given by

My=—M (P)" Jy, (69)
Mp=—-M(P) J;62, ... 83, , (70)
Se=—r2MQ(P)? Jy62 (71)
Sp=—-MQ(P)"*! Jl,l”—l(s?’ L0 (72)

[+4 <&
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where (70) is valid for any natural number of [ > 2, while (72) is valid for natural number
of I > 3. In order to show these expressions in (70) and (72) one may apply the very same
steps as presented in Appendix B in [34], except that we assume an axisymmetric body
A # B # (', while in [34] an axisymmetric oblate ellipsoid A = B has been considered.
One comment should be in order about the multipoles in (69) - (72), which are valid for
a coordinate system, (z',z% x?), where the symmetry axis of the massive body is aligned
with the z3-axis. Let us assume another coordinate system, (z'!, 2’2, 2'3), and both systems
are having the same origin of their spatial coordinates. Let us further assume that these

systems are related by a rotation of their spatial axes [15-17, 23],
2’ =R’ (73)

where the orthogonal matrix of rotation Rj can be parameterized, for instance, by three
Euler angles, and is given, for example, by Eq. (3.94) in [23]. Then, the multipoles in (69)
- (72) in coordinate system {z®} and the multipoles in coordinate system {z'®} are related

to each other by the standard transformation of tensors in three-space [15-17, 23],

Ml',l---iz = Mjl---jz R‘Zjll tet Rizl ) (74>
gl{l-niz - Ajlmjz Rfll s Rgll : (75)

These relations allow to switch the multipoles from one coordinate system to the other. An
explicit example of relation (74) is given for the mass-quadrupole by Egs. (48) - (53) in
[35]. A rotation of the spatial axes (73) would cause a change of the spatial components
of all multipole-tensors and three-vectors. However, as mentioned above, the total light
deflection terms (66) and (67) are invariant under arbitrary rotations of the spatial axes of
the coordinate system, because they are scalars and pseudo-scalars, respectively. Therefore,
without loss of generality, one may chose the coordinate system (z',z? x®) such that the
x3-axis is aligned with the axis of symmetry, es, of the massive body.

In (69) - (72) the Newtonian mass of the body is M, P is the equatorial radius of the body,
Q) is the angular velocity of the rotating body, and J; are the zonal harmonic coefficients of
index [ defined by (cf. Eq. (17) in [36] or Eq. (1.143) with (1.112) and (1.139) in [16])

1
M (P)
where ¥ is the mass-energy density of the massive body (cf. text below Eq. (18)), P, are

J=— /d3x ' Py (cos ), (76)

the Legendre polynomials, while the angle 6 is the colatitude.
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The zonal harmonic coefficients in (76) are defined for an axisymmetric body, A # B # C,
hence they are non-zero for any natural number of [, while in case of an axisymmetric oblate
ellipsoid A = B they are non-zero only for even values of [. In case of a spherically symmetric
body they vanish, except for [ = 0. The values of J; defined in (76) are model-depend in
the sense that they depend on assumptions made for the mass distribution in the interior
of the solar system bodies. Therefore, it is preferable to use actual zonal harmonics which
are deduced from real measurements of the gravitational fields of the Sun and giant planets.
Their numerical values are given in Table I for the giant planets of the solar system.

The parameter 2 in (71) is defined by [37] (see also Eqgs. (B60) - (B62) in [34])

1
K= M P2 (77)

where [ is the moment of inertia of the real solar system body under consideration, which is
related to the body’s angular momentum via |S| = 1. As stated above, for a spherically
symmetric body with uniform density x? = 2/5 (cf. Eq. (1.20) in [37]), while for real solar
system bodies k? < 2/5 because the mass densities are increasing towards the center of the
massive bodies. The values of x? are given in Table I for the Sun and giant planets of the
solar system bodies.

The STF tensor 62, ... 0; = STF;, 4 07 ...07 in (70) and (72) denotes products of

1
Kronecker symbols which are symmetric and traceless with respect to indices ¢y ...7;. They
are given by the formula (cf. Eq. (A20a) in [26], Eq. (B34) in [34], or Eq. (1.155) in [16]):
(/2]
02, 0= Hl iy - Oy yin Oy L, - O (78)
p=0

for any natural number [ > 1 and the scalar coefficients are given by

(20 —2p — 1)
(20 — 1)l

H. = (1) (79)

These multipoles (70) and (72) are in agreement with the resolutions of the International
Astronomical Union (IAU) [22]. That agreement is shown in some detail in Appendix B in
[34] for the mass-quadrupole as well as for the spin-hexapole in case of a rigid axisymmetric
body with uniform mass-density. For explicit examples of mass-quadrupole, mass-octupole,

and spin-hexapole it is referred to Eqgs. (B36), (B37), and (B59) in [34], respectively.
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V. TOTAL LIGHT DEFLECTION IN CASE OF AN AXISYMMETRIC BODY
IN UNIFORM ROTATION

In this Section the three-vector of total light deflection of a light signal in the gravitational
field of a body with full mass-multipole and spin-multipole structure are given and the
upper limits are determined. In what follows it will be shown the three-vector of total
light deflection and the angle of the total light deflection are naturally given in terms of
Chebyshev polynomials.

A. Chebyshev polynomials

In this Section we will briefly review the Chebyshev polynomials and their relations which
are relevant for our considerations.

There are Chebyshev polynomials of first and second kind, 7; (z) and U; (x), which form
a sequence of orthogonal polynomials [23, 24]. The power representation of Chebyshev

polynomials of first kind reads (cf. Eqgs. (13.67) and (13.88a) in [23])

Y2 g ) 2
1) =5y, S o 81

where [ > 1. The power representation of Chebyshev polynomials of second kind reads (cf.

Eq. (13.88b) in [23))

W2 e 2
i) =3 S g o (52)

n=

where [ > 0. The argument of the Chebyshev polynomials is a real number of the interval
—1<z<41. (83)
The Chebyshev polynomials of first and second kind are related by

Ty (x) = Uy (x) = 2 Uiy (2), (84)

Uy (2) = x T (f)_—szlw (z) ‘
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The first derivative of Chebyshev polynomials of first kind (81) is related to the Chebyshev

polynomials of second kind as follows (see also p. 794 in [23])

dT (x)
dx

=1U_ (2). (86)

The first derivative of Chebyshev polynomials of second kind (82) is related to the Chebyshev

polynomials of first kind as follows

dUl(x):xUl(x)—(l—I—l)TlH .

dx 1— 22

(87)

The Chebyshev polynomials of first kind (81) can be written in terms of trigonometric

functions (cf. Eq. (13.83a) in [23])
T) (x) = cos (I arccos x) (88)

for I > 0. The Chebyshev polynomials of second kind (82) can be written in terms of
trigonometric functions (cf. Eqgs. (13.83b) and (13.85a) in [23])

Ul—l (JJ) =

sin (I arccos x) . (89)

1
V1—a?
B. The tangent vector of light ray at future infinity

The tangent vector of the light trajectory at future infinity is given by Eq. (47),
M S _
V:C’+ZV1PL1V+ZV1.%PN+O(C Y, (90)
1=0 =1

with the mass-multipole term (56) and spin-multipole term (57). In what follows it will be
shown that the mass-multipole terms in (90) are given by Chebyshev polynomials of first
kind and the spin-multipole terms in (90) are given by Chebyshev polynomials of second

kind. We will consider these quantities separately.

1.  Mass-multipoles

By inserting the mass-multipoles (70) into the mass-multipole term (56) one obtains for

the spatial components of these quantities

. AGM J, .. 0 [P\
yidle — JPW-(-) Fl, . (91)

2 ] od’. \ d,
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where the auxiliary vectors & are replaced by the impact vectors d, everywhere in (91). The
dimensionless function F%, in (91) is given by Eq. (D1) in Appendix D and can be written
in the form (details are given in Appendix D)

1 [1/2] ) n d'63 1—2n
F! = L1 = (o- " 2
e (-eer) (52) 52

n=0

where the auxiliary vectors € are replaced by the impact vectors d, everywhere in (92) and
the scalar coefficients are given by Eq. (55).
The scalar function in (92) can be expressed in terms of Chebyshev polynomials of first

kind. To demonstrate this fact, we introduce the variable

=(1-(0-ex’) " (%) 7 (93)

which is a real number. Below it is shown that this variable is laying in the interval (83).
By inserting the coefficients (55) and using (93) one may rewrite the scalar function in (92)
in the following form:

/2]

Flo=[1— (o [l/2 Z ‘ ll—_n2—n)1) (20)2 (94)

With the aid of Eq. (81) one finds that the scalar function in (94) is, up to a prefactor, just
a Chebyshev polynomial of first kind,

Fly=[1-(c-e)"]"" 71 (). (95)

Accordingly, by inserting (95) into (91) we obtain the mass multipole terms in (90) in terms
of Chebyshev polynomials of first kind:
. AGM J o Ly 0 (P
iM Jl 2111/2]
i == L (o P 2 (1) Tilo). (%)
By evaluating the derivative and using (84) as well as (86), one obtains for the mass multipole

terms (96) the following expression:

AGM g [ P! d, o X (ez X o
V%LN_—’_WJI [1_(0'63)2}[/](6?) U (33) d__Ul—l (x) ( ’ )

{97)
1—(o-e3)’

which is valid for [ > 1. The Chebyshev polynomials of second kind U, are given by Eqs. (84)
and (85) and variable x has been defined by Eq. (93). Some examples of (97) are presented
by Egs. (F6) and (F10) in Appendix F.
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The representation of the mass multipole terms (97) recovers the intrinsic relation of the
total light deflection with the Chebyshev polynomials and it allows to determine the upper
limits of total light deflection, as will be demonstrated below. It has been checked that our
result for the unit tangent vector (97) agrees exactly with Eqs. (43) and (44) in [38]. This
fact demonstrates that the results obtained with the advanced integration method developed
in [19] coincide with the time-transfer function approach used in [38].

The mass multipole terms (97) seem apparently to be composed of Chebyshev polynomials
of second kind. However, one may also rewrite (97) fully in terms of Chebyshev polynomials
of first kind by using relation (85).

Finally, one still has to show that the possible values of variable x in (93) are given by
relation (83). This can be seen by the following consideration. The angles a = § (o, e3)
and f = 6 (d,, e3) are not independent of each other, because the three-vectors o and d,
are perpendicular to each other. Furthermore, the function in (114) with variable in (93)
depends on scalar products of three-vectors, o - e3 and (d, - e3)/d,. Hence, that scalar
function is independent of the orientation of the spatial coordinate system. For these both
reason, one may rotate the spatial axes of the coordinate system in such a way, that o is
aligned along the x'-axis, and d, is aligned along the x?-axis, while the symmetry axis of
the massive body has three spatial components now: ez = (e3,€3.€3). Accordingly, we get
o-e3 = e} and (d,-e3)/d, = ;. The numerical values of the components of the three-vector
ez are restricted, because it is a unit-vector, that means: (e}) + (e3) + (e3) = 1; for similar
considerations we refer to the endnote [99] in [39]. Taking all these aspects into account,
one obtains for the variable in (93) z = % (14 y2)"/* where y = e3/¢2 is the ratio of the
x3-component over the z2-component of unit-vector es, which is aligned along the symmetry

axis of the body. From this consideration follows that —1 < 2 < +1 as stated by Eq. (83).

2. Spin-multipoles

By inserting the spin-dipole term (71) into (57), one obtains for the spin dipole term in

(90) the following expression,

4GM P\’ [ (o xd,) e;d,
VA15'.15PN_+TQ’%2JO< ) |\2(d#d—

+ (o x e3) |, (98)

(e

which, in view of J; = —1 and (8), agrees with Eq. (60) in [18]. By inserting the spin-
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multipoles (72) into the spin-multipole term (57), one obtains for the spatial components of

these terms the following expression,

; 8GM _ _Jy .. 8 [P\
Vli%’N_ 3 QPZ+4PJ8de (d_) Fé‘v (99)

which is valid for [ > 1. The dimensionless function F} in (99) is given by Eq. (E1) in
Appendix E and can be written in the form (details are given in Appendix E)

[t/2] n l—2n—1
, (o xd,) 1 1 L=2n 2 d, - e;3
Fy= T § Gl — (o -e3) - . (100)

where the auxiliary vectors £ are replaced by the impact vectors d, everywhere in (100) and

the scalar coefficients are given by Eq. (55).
The pseudo-scalar function in (100) can be expressed in terms of Chebyshev polynomials
of second kind. To show that we insert the coefficients (55) and use the variable in (93) and

obtain the pseudo-scalar function in (100) in the following form:

: A "(l-n-1) 2n—1
Féz—(m(d”) [1— (o z%pz (nll) (l(l_Qn)ll)'(m)l‘” . (101)

(1—2n)(22) "' = %(233)”" , (102)

N | —

one may write (101) in the form

/2, \n
(o xd,)-e31 o2 d I~ (=1)" ((—n—-1 _ o,
— 1= (o- — — : 1
Fs d, (e g Qano o =y %) (103)

In view of the power representation of Chebyshev polynomials of first kind in (81), one
finds that the pseudo-scalar function in (103) is, up to a prefactor, just the derivative of a

Chebyshev polynomial of first kind,

(o xd,) e3l /21 dT; ()

FlL= 7 7 [1- (o ey)] — (104)

which is valid for [ > 3. By means of relation (86) one obtains for the pseudo-scalar function
n (104)

(o xd,)-e

Fl= T 21— (o e5)?]" Uiy () (105)
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Accordingly, by inserting (105) into (99) we obtain the spin-multipole terms in (90) in terms
of Chebyshev polynomials of second kind:

N

/2] 4j
c3 l+4[1_<0'e3)2} P

0 (oxd,) e3P :
8dj< 7 ) (d_) Up-1 (). (106)

By evaluating the derivative and using (87) one obtains for the spin multipole terms (106)
the following expression:

8GM _ J_, w2 [ P\
Vf%PN:+TQl+4 [1_(0'63)2} d_g

o X (e3 x o)

x |Fy (x)%—i—FQ (x)

d +F3 (ZE)O’ X es| , (107)

1-— (0"83)2

with
B (@) = 7% 5:) e U (951) :g”l @), (108)
FQ(x)_(ax(;i:)-eg (l+1)71}(_x:)c2—Ul(x)7 (109)
F3(x)=U_, (z), (110)

which is valid for [ > 3. The Chebyshev polynomials 7; and U; are given by Eqgs. (84) and
(85) and variable = has been defined by Eq. (93). Some examples of (107) are presented by
Egs. (F12) and (F18) in Appendix F.

C. The angle of total light deflection

According to Eq. (60) the total light deflection in 1.5PN approximation can be separated

into mass-multipole and spin-multipole terms,
d(o,v)= Z 5(0‘, V%IN) + Z (5(0‘, uf%PN) +0 (c74) , (111)
1=0 =1

where the mass-multipole and spin-multipole terms are given by Eqgs. (66) and (67), respec-
tively. We will consider these expressions for the mass-multipoles and spin-multipoles in
case of an axisymmetric body in uniform rotational motion. It will be found that these
terms of the total light deflection (111) are just Chebyshev polynomials. In particular, we
will find that the mass-multipole terms in (111) are given by Chebyshev polynomials of first
kind and the spin-multipole terms in (111) are given by Chebyshev polynomials of second
kind.
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Figure 1: A geometrical representation of the propagation of a light signal through the gravitational
field of a massive body at rest. The origin of the spatial coordinates (:vl, z2, :U3) is assumed to be
located at the center of mass of the body. The spatial axes of the coordinate system are aligned
with the unit vectors eq, es, e3 of the principal axes of the massive body. The body is in uniform
rotational motion around its symmetry axis e3 with angular velocity €. The light signal is emitted
by the light source at @ in the direction of the unit-vector p and propagates along the exact light
trajectory @ (t). The unit tangent vectors o and v of the light trajectory at past infinity and future
infinity are defined by Eqs. (22) and (46), respectively. The unperturbed light ray ay () is given
by Eq. (19) and propagates in the direction of o along a straight line through the position of the

light source at xy. The impact vector d, of the unperturbed light ray is given by Eq. (45).
1.  Mass-multipoles

The total light deflection for the mass-multipoles of the body is given by Eq. (66). By
inserting the mass-monopole (69) and the higher mass-multipoles (70) as well as the relation

for the spatial derivatives (54) into this equation, one obtains the following expression for
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the total light deflection terms:

AGM J,

5 (o, vi) =~ - d—“ : (112)
AGM J, [ P\’

§ (o, Vi) = — R (d_) Fiy (113)

where [ = 0 in (112), while (113) is valid for any natural number of [ > 2. The total light
deflection for higher mass-multipoles in (113) vanishes in case of a spherically symmetric
body, because in that case the zonal harmonic coefficients, J;, would be zero. The scalar
function F%; in (113) is given by Eq. (92).

By inserting (95) into (113) one finds that the total light deflection terms of higher mass-
multipoles (113) can be expressed by Chebyshev polynomials of first kind:

1) (0’, I/%LN> = —%Jl (d—}:) [1 — (o' . 33>2} [1/2] T (ZB) (114)

which is valid for [ > 0, since the mass-monopole in (112) has been included. Some examples
of (114) are given by Egs. (F3), (F7) and (F11) in Appendix F.

The expression in (114) represents the total light deflection caused by the mass-multipole
structure of an axisymmetric body at rest. The spatial axes of the coordinate system are
oriented such that the symmetry axis es is aligned along the z3-axis of the coordinate
system. Of course, one may rotate the spatial axes of the coordinate system by using (73).
Then, the components of the mass-multipoles are changed according to Eq. (74) as well as
the components of the three-vectors es, o and d,, but the total light deflection in (114) is
invariant, because it is a scalar under rotations of the spatial axes.

From (88) follows that
Ty (z)| < 1. (115)

Hence, we get from (114) the following upper limit for the absolute value of the total light

deflection at some massive body with full mass-multipole structure:

4GM |J P\
‘(5 (a', V%LN)} < 2 ‘d—l| (1 — (o - 63)2>[l/2] (d_) (116)

for [ > 0. The total light deflection for higher mass multipoles in (116) takes its maximal
possible value in case of o - e3 = 0, that means when the unperturbed light ray propagates
parallel to the equatorial plane. The light deflection for higher mass-multipoles (116) van-

ishes in case of o-e3 = 1, that means when the light ray propagates parallel to the symmetry
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axis, es, of the massive body. Furthermore, from (112) and (116) one obtains the following
upper limit for the total light deflection at some massive body with full mass-multipole

structure:

v _AGM || (P!
5 (o vt | < 25 Ti(@) (117)

for [ > 0. This upper limit is strictly valid for any configuration between light source and
massive body and observer.

The relations (116) and (117) agree with Eq. (58) and (59) in [38], respectively, where
the validity of these relations has been shown for the values [ < 4. In the endnote [20] the
conjecture was formulated, that these relations might be valid for any natural number of
[ < 0. It is also mentioned that in [31] relation (117) has been adopted as some kind of
educated guess (cf. Eq. (187) ibid.). Here, we have demonstrated that these relations (116)
and (117) are, in fact, strictly valid for any natural number of [ > 0.

From (117) one obtains the following upper limit for the total light deflection of grazing
light rays (impact parameter d, equals equatorial radius P) at some massive body with full
mass-multipole structure:

AGM |J,]
which is valid for [ > 0. The upper limits, presented by Eqgs. (116) - (118), are strictly valid

for any configuration between light source and massive body and observer.

2. Spin-multipoles

The total light deflection caused by the spin-multipole structure of the body is given
by Eq. (67). By inserting the spin-dipole (71) and the higher spin-multipoles (72) as well
as the relation for the spatial derivatives (54) into this equation, one obtains the following

expression for the total light deflection terms:

) AGM P\? (o xd,)-es
5(03’/19.5PN):_ o3 Qr* o (d_g) d—a'7 (119)
8SGM P\
§ (o, v kpy) = — S Qi (d—> FL, (120)

where the light deflection caused by the spin-dipole (119) agrees with Eq. (61) in [18] [65],
while the light deflection caused by higher spin-multipoles (120) is valid for any natural
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number of [ > 3. The total light deflection for higher spin-multipoles in (120) vanishes in
case of a spherically symmetric body, because in that case the zonal harmonic coefficients,
J;, would be zero. The pseudo-scalar function Ff in (120) is given by Eq. (100).

By inserting (105) into (120) one finds that the total light deflection terms of higher
spin-multipoles can be expressed by Chebyshev polynomials of second kind:

8GM P\ (o xd,) e3 1 /2]
(o) =" (1) TS o v ),

(121)

which is valid for of [ > 3. The expression in (121) represents the total light deflection
caused by the spin-multipole structure of an axisymmetric body at rest, which is in uniform
rotational motion. The spatial axes of the coordinate system are oriented such that the
symmetry axis e is aligned along the x-axis of the coordinate system. Some examples
of the total light deflection caused by spin-multipoles (121) are given in Appendix F. Of
course, one may rotate the spatial axes of the coordinate system by using (73). Then,
the components of the spin-multipoles are changed according to Eq. (75) as well as the
components of the three-vectors ez, o and d,, but the total light deflection in (121) does
not change, because it is a pseudo-scalar, hence is invariant under rotations of the spatial
axes.

Taking account of the fact that (cf. Eq. (22.14.6) in [24])
Ui @) <1 (122)

we get from (121) the following upper limit for the absolute value of the total light deflection

at some massive body with full spin-multipole structure:

SGM _ [2 P\
|6 (0. v7ky) | < o g el (d_> (1- (0 e)’)"”” (123)

for [ > 3. The total light deflection for higher spin-multipoles in (123) takes its maximal
possible value in case of o - e3 = 0, that means when the unperturbed light ray propagates
parallel to the equatorial plane. The light deflection for higher spin-multipoles (123) vanishes
in case of o - e3 = 1, that means when the unperturbed light ray propagates parallel to the
symmetry axis, ez, of the massive body. Furthermore, from (116) one obtains the following

upper limit for the total light deflection at some massive body with full spin-multipole
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structure:

8GM I’ P\
o @il < S0 bl (o) (124)

for any natural number of [ > 3.
From (119) and (124) one obtains the following upper limit for the total light deflection
of grazing light rays (impact parameter d, equals equatorial radius P) at some massive body

with full spin-multipole structure:

|6 (o, 1/15PN)}<462—MQ/<J (125)

SGM [?
|5<"" V15PN)}< 3 l+4

| Jial, (126)

where [ = 1 in (125), while (126) is valid for any natural number of I > 3. The upper limits,
presented by Eqgs. (123) - (126), are strictly valid for any configuration between light source

and massive body and observer.

VI. TOTAL LIGHT DEFLECTION AT SOLAR SYSTEM BODIES

In this Section the magnitude of the upper limits of total light deflection (60) are calcu-
lated for the most massive solar system bodies, that is the Sun and the giant planets. The
light deflection takes its maximal value in case of grazing light rays, where the upper limits
for mass-multipoles are given by Eq. (118), and the upper limits for spin-multipoles are given
by Eqgs. (125) - (126). The results of this Section allow to clarify, which mass-multipoles
and spin-multipoles are required for an astrometric accuracy on the nano-arcsecond level in

astrometric angular measurements.

A. Numerical values of the parameter of solar system bodies

The numerical parameter for determining the total light deflection in the gravitational

fields of the most massive solar system bodies are given in Table I.
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Table I: Numerical parameter for mass M, equatorial radius P, actual zonal harmonic coefficients
Jj, angular velocity 2 = 27/T (with rotational period T'), dimensionless moment of inertia x? of
the Sun and the giant planets of the solar system. The values for GM/c?* and P are taken from
[37]. The value for J; of the Sun are taken from [40] and references therein. The values J; with
[ =2,4,6 of Jupiter and Saturn are taken from [41], while J; with [ = 8,10 of Jupiter and Saturn
are taken from [42] and [43], respectively. The values J; with [ = 2,4,6 of Uranus and Neptune
are taken from [44], while Jg of Uranus and Neptune is taken from [45]. The angular velocities 2

are taken from NASA planetary fact sheets. The values for the dimensionless moment of inertia

2

k* are taken from [37]. A blank entry means the values are not known.
Parameter Sun Jupiter Saturn Uranus Neptune
GM/c*[m]| 1476.8 1.410 0.422 0.064 0.076
P [m] 696 x 105 | 71.49 x 10° 60.27 x 10% | 25.56 x 10° | 24.76 x 10°

Jo +1.7 x 1077 |+14.696 x 1073{+16.291 x 1073|+3.341 x 1073|+3.408 x 1073
Jy +9.8 x 1077 | —0.587 x 1073 | —0.936 x 1073 |—0.031 x 1073|-0.031 x 1073
Js +4x 1078 | 40.034 x 1073 | +0.086 x 1073 |+0.444 x 1076|+0.433 x 1076
Jg —4x107% | —25x107% | —10.0 x 1075 [—0.008 x 1076|—0.007 x 1076
J1o —2x10710 | 4021 x 107 | +2.0 x 1076 - —

Q[sec!] |2.865 x 1076| 1.758 x 10™* | 1.638 x 10~* | 1.012 x 10~* | 1.083 x 10~*
K2 0.059 0.254 0.210 0.225 0.240

B. Total light deflection of the mass-multipole structure of solar system bodies

Numerical values for the light deflection of grazing rays (118) at the most massive solar
system bodies caused by their mass-multipole structure are presented in Table II. These
results show that only the very first few mass-multipoles with [ < 10 are required for an
astrometric accuracy on the nano-arcsecond level. That means, a light propagation model
needs to implement only the first mass-multipoles up to at most [ = 10 in order to determine
the light trajectory on the nano-arcsecond level of accuracy. From the scaling behavior

one may estimate that the mass-multipoles of the Sun and the giant planets with [ > 12
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Table II: The upper limit of total light deflection at the Sun and the giant planets of the solar
system caused by their mass-multipole structure according to Eq. (118). All values are given in

micro-arcsecond (pas). A blank entry indicates the light deflection is smaller than a nano-arcsecond

(nas).

Light deflection Sun Jupiter Saturn Uranus Neptune
0(or, 9] | 1.75 x 108 | 16.3 x 10° | 5.8 x 10° | 2.1 x 10 | 2.5 x 10°
5(0, V)] 0.35 239 94 6.9 8.6
6(0, Vi) 1.72 9.6 5.41 0.06 0.08
6(, M50 0.07 0.55 0.50 0.001 0.001
5(0, viEN)] 0.007 0.04 0.06 - -
EICAZ50] - 0.003 0.01 - —

Table III: The upper limit of total light deflection at the Sun and the giant planets of the solar
system caused by their spin-multipole structure according to Egs. (125) - (126). All values are
given in micro-arcsecond (pas). A blank entry indicates the light deflection is smaller than a nano-

arcsecond (nas).

Light deflection Sun Jupiter Saturn Uranus Neptune
LGz 0.7 0.17 0.04 0.004 0.005
EICRZ ] - 0.026 0.008 - -

s
0(e, v75pn)| - 0.001 - - -

contribute less that 0.001 pas to the total light deflection. Thus, the effect of light deflection
caused by mass-multipoles with [ > 12 can be neglected in astrometric measurements, even

on the nano-arcsecond scale of accuracy.
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C. Total light deflection of the spin-multipole structure of solar system bodies

Numerical values for the light deflection of grazing rays (125) - (126) at the most massive
solar system bodies caused by their spin-multipole structure are presented in Table III.
These results show that only the very first few spin-multipoles with [ < 3 are required
for an astrometric accuracy on the nano-arcsecond level. That means, a light propagation
model needs to implement only the first spin-multipoles up to at most [ = 3 in order to
determine the light trajectory on the nano-arcsecond level of accuracy. Only in case of light
deflection at Jupiter, the spin-multipole with [ = 5 contributes about 0.001 pas to the total
light deflection. Thus, the effect of light deflection caused by spin-multipoles with [ > 5
is at the outer nas-limit and can, most probably, not be detected in realistic astrometric

measurements, even on the nano-arcsecond scale of accuracy.
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VII. SUMMARY

The total light deflection in weak gravitational fields is defined as angle 0 (o, ) between
the unit tangent vectors o and v along the light ray at past infinity and future infinity,
respectively, and represents an upper limit for the effect of bending of light by some massive
body. In the general case, massive bodies can be of arbitrary shape, inner structure and
oscillations, described by their mass-multipoles M}, and can also be in arbitrary rotational
motions and inner currents, described by their spin-multipoles S;. Accordingly, the unit
tangent vector of the light trajectory at future infinity is given by an infinite multipole series,

which in the post-Newtonian scheme reads as follows
v=o+ Z vtk + Z Vo + O (), (127)
1=0 =1

where the mass-multipole terms are given by Eq. (48) and the spin-multipole terms are given
by Eq. (49). It has been shown that these terms take a considerably simpler form as given
by Egs. (56) and (57).

The multipole decomposition of the unit tangent vector in (127) implies a corresponding
infinite multipole series of the angle of total light deflection in the gravitational field of such

an arbitrarily shaped body of the solar system

d(o,v)= Z §(o, vigk) + Z (o, fo,)PN) +0(c), (128)

1=0 =1
where the mass-multipole terms are given by Eq. (64) and the spin-multipole terms are
given by Eq. (65). In this work it has been shown that these mass-multipole terms and
spin-multipole terms can be written in a considerably simpler form as given by Egs. (66)
and (67), respectively.

The expressions in Eqgs. (127) and Eqgs. (128) have been calculated for light signals which
propagate in the gravitational field of an isolated axisymmetric body at rest being in uniform
rotational motion around its axis of symmetry, es, and having full mass-multipole and spin-
multipole structure. The mass multipole and spin multipole terms are given by Egs. (97)
and (107), respectively. It has been found that the evaluation of the unit tangent vector in
(127) and of the angle of total light deflection in (128) leads directly and in a compelling

way to Chebyshev polynomials of first and second kind, respectively.
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This remarkable fact allows to obtain the expressions for the total light deflection for
multipoles in arbitrary order; some examples are presented in Appendix F. Furthermore,
that fact allows to determine their upper limits in a straightforward manner, because the

upper limits of their absolute values are given by Egs. (115) and (122) and read

T (z)| <1, (129)
Ui (@) <1 (130)

In this way, expressions for the upper limit of the total light deflection terms in (128) have
been obtained which are strictly valid in the 1PN and 1.5PN approximation for any astro-
metric configuration between light source, massive body and observer. For mass-multipoles
they are given by Eq. (116) and for the spin-multipoles they are given by Eq. (123).

The upper limits take their simplest form for grazing light rays, where they read (cf.
Egs. (118) as well as (125) and (126))

‘5< 1PN)‘<4GM el for 1 >0, (131)

|6 (@, VlSPN)‘<462—3MQ/<2 forl =1, (132)
8GM I

|5(a,uf_gPN)\gc—3gzl+4 |Ji_q| forl>3, (133)

where M, P, J;, and ) are the mass, equatorial radius, zonal harmonic coefficient, and
angular velocity of the massive body, while the real integer [ is the order of the multipole
and k2 is the dimensionless moment of inertia. Each of these upper limits are realistic in
the sense that there exist real astrometric configurations, where these upper bounds can
be reached. In this sense they are just the upper limits. These formulae (131) - (133)
are strictly valid in the 1PN and 1.5PN approximation and represent a criterion about the
maximal possible deflection of light in the gravitational field of an axisymmetric body in
uniform rotational motion. They can be used to decide whether these multipole terms need
to be taken into account if ultra-high-accuracy astrometric measurements are to be modeled
in the framework of future astrometry missions aiming at the sub-micro-arcsecond level.
Numerical results of the upper limits of total light deflection (131) - (133) for some solar
system bodies were presented in Table II and in Table III. According to these numerical
values, it is found that the first few mass-multipoles with [ < 10 and the first few spin-
multipoles with [ < 3 are sufficient in order to achieve an accuracy on the nano-arcsecond

level in astrometric measurements.



36

Finally, a comment is made about the 2PN terms which have been neglected in the
total light deflection (128). The 2PN mass-monopole terms have been determined in several
investigations for the case of light propagation in the gravitational field of a spherically
symmetric body [20, 46-55] (e.g. Table 1 in [46]). Also the 2PN terms of total light
deflection (128) caused by the mass-quadrupole structure of solar system bodies have recently
been determined in [39] (cf. Table IV in [39]). These investigations show that the 2PN
corrections contribute less than 1 percent to the corresponding post-Newtonian terms in
(131). Therefore, the upper limits in (131) - (133) constitute by far the most essential
component to the angle of total light deflection.

In summary, the primary results of this investigation for the case of light propagation in

the gravitational field of an axisymmetric body in uniform rotation are:

e mass-multipoles terms of the unit tangent vector of a light ray given by derivative of

Chebyshev polynomials of first kind (96),

e mass-multipoles terms of the total light deflection are Chebyshev polynomials of first

kind (114),

e spin-multipole terms of the unit tangent vector of a light ray given by derivative of

Chebyshev polynomials of second kind (106),

e spin-multipole terms of the total light deflection are Chebyshev polynomials of second

kind (121),
e strict upper limits for mass-multipoles terms of the total light deflection (116),
e strict upper limits for spin-multipole terms of the total light deflection (123).

It has also been shown that in case of mass-multipoles of an axisymmetric body the advanced
integration method developed in [19] yield the same unit tangent vector (97) and the same
total light deflection angle (92) as the corresponding results obtained by means of the time-
transfer function approach in [38] (cf. text below Eq. (97)).

For the moment being, it remains an open question whether the unit tangent vector
in (47) and the angle of total light deflection in (60), when applied to the case of bodies
of arbitrary shape and inner structure and in arbitrary rotational motions, can also be

expressed in terms of Chebyshev polynomials.
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Appendix A: Notation

The following notation is in use:

e Newtonian constant of gravitation: G.

e vacuum speed of light in flat space-time: c.

e Newtonian mass of the body: M.

e Equatorial radius of the body: P.

e Angular velocity of the body: €.

e Zonal harmonic coefficients of the body: J;.

e 1,5 = diag (—1,+1,+1,+1) is the metric tensor of flat space-time.

e g% and g,p are the contravariant and covariant components of the metric tensor with

signature (—, 4, +, +).
e 1mas (milli — arcsecond) ~ 4.85 x 1077 rad.
e 1 pas (micro — arcsecond) ~ 4.85 x 10" rad.
e Inas (nano — arcsecond) ~ 4.85 x 10~ rad.
enl=n(n—-1)(n—2)---2-1is the factorial; by definition: 0! =1 [23].

enll=n(n—2)(n—4)---(2or1l) is the double factorial; by definition: 0!! = 1 and
(-t =1 [23].
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e Lower case Greek indices take values 0,1,2,3.

e The contravariant components of four-vectors: a* = (a°; a', a?, a®).
e Lower case Latin indices take values 1,2,3.

e The three-dimensional coordinate quantities (three-vectors) referred to the spatial axes

of the reference system are in boldface: a.

e The contravariant components of three-vectors: a’ = (a',a?, a?).

e The absolute value of a three-vector: a = |a| = Vata' + a2 a2+ a3 a.

e The scalar product of two three-vectors: @ - b = d;; a't/ = a'b* with Kronecker delta
0ij.

e The vector product of two three-vectors reads (@ x b)' = &5, o’ b* with Levi-Civita

symbol &5y

e The angle between two three-vectors a and b is designated as 6 (a,b) which can be

a-b . |a x b|
orby d(a,b) = arcsin :
|al [b] |al [b]

computed by ¢ (a,b) = arccos

Appendix B: STF tensors

Here we will present only those few standard notations about symmetric tracefree (STF)

tensors, which are necessary four our considerations, while further STF relations can be

found in [16, 25-27, 56].
o L =1iq19...7; is a Cartesian multi-index of a given tensor 7', that means 17, = T,;, .

e

e two identical multi-indices imply summation:

AL Br = Z Ail...il Bil...il- (Bl)

1.4

e The symmetric part of a Cartesian tensor 77, is (cf. Eq. (2.1) in [25]):

1
T(L) = T(il---iz) = ﬁ Z Tia(1)~~~ia(z) (B2)
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where o is running over all permutations of (1,2,...,1).

For instance: let T;,;,;, be a Cartesian tensor which is already symmetric in all of its

Cartesian indices. Then the symmetric part reads:
T(i1i2’i3) = Tiyigig - (B?))

For instance: let T} ;,;, be a Cartesian tensor which is not symmetric in any of its
Cartesian indices. Then the symmetric part reads:

1
BTl (ﬂliﬂs +T;1i3i2 +Ti2i1i3 +Ti2isil +Ti3i1i2 +Ti3izi1) : (B4)

T(ilizis) = 31

The un-normalized symmetric part of a Cartesian tensor 77, is (cf. text above Eq. (A19)

in [26]):

Ty =T, iy = Z T’iau)---ia(z) (B5)

og€eS

where S is the smallest set of permutations of (1,2,...,1) which makes Tj,...i;; fully

symmetric in its indices. Let us give some examples:

5{i1i2} - 5i1i2 ) (B6)
5{2'11'2 Nizy = 5i1i2 Nijg + 5i1i3 Ny + (5i2i3 N4y (B7)
OfirinOigia} = OiriOigis + OiyisOinis + OirigOisi - (B8)

In case T,y is a Cartesian tensor which is not symmetric in any of its indices, then

the un-normalized symmetric part reads:

T{i1i2i3} - T;wéis + Ti1i3i2 + 1—;21'12'3 + T;2i3i1 + Ti3i1i2 + ,‘Z—;Siﬂl . (Bg)

The symmetric tracefree part of a Cartesian tensor 77, (notation: T, = STF,. T), =
T 4>) is (cf. Eq. (2.2) in [25]):

(/2]

Ty = § :alk 5(1'11‘2---61'21@711'% SiQk-&-lmil)alal-nakak (BlO)
k=0
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where [[/2] means the largest integer less than or equal to /2,

[1/2]=1/2 for even valuesof (B11)
1/2]=(—1)/2 for odd valuesof [, (B12)

and Sp, = T(z) abbreviates the symmetric part of tensor 77. The coefficient in (B10)

is given by
{! (20 — 2k — )N
= (=1)" . B13
S T T TR TR IR G T I] (B13)
For instance:
. 1
Tivigis = Tiiviniz) — 5 (5m'2 Tliskk) + iis Ty kky + igiy T(igkk)) . (B14)

Three comments are in order about STF. First of all, the Kronecker delta has no symmetric

tracefree part,
STFq 0% =0 . (B15)

Second, the symmetric tracefree part of any tensor which contains Kronecker delta is zero,

if the Kronecker delta has not any summation (dummy) index, for instance,

STF 3. 6°°dS. =0, (B16)
STF gy 6 ¢ =0 . (B17)

And third, the following relation is very useful (cf. Eq. (1.158) in [16] or Eq. (A1) in [56]),
Acps> Bap>=Ap B<p> (B18)

which often considerably simplifies analytical evaluations. In particular, we need the follow-

ing Cartesian STF tensor,

T x;
np =% =z (B19)
r r
where x; are the spatial coordinates of some arbitrary field point and r = |x|; we note that

L

x; = x' and n, = nl. A very useful relation for later purposes is the expansion of the

Cartesian STF tensor 7y, in terms of Cartesian tensor ny (cf. Eq. (A20a) in [26]),

(/2]

. k(2l—2k}—1)!!
nr= Z (_1> (2[ — 1),, 6{i1i2 ~--5i2k—1i2kni2k+1~-~il} . (BQO)
k=0 N
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Appendix C: Proof of Eq. (54)

In this Appendix we will show that (54) follows from (53), given by

dy, In|¢|=STF,, ,, P’ ... P19, ; In|¢|. (C1)

i1 i

First of all, we consider the following term in Eq. (C1):

0 0
Oy Il = 50 - o e ()
By means of relation (A21b) in [26] one obtains
[t/2]
(20 — 4k + ! A
a]dwjz In ’E‘ = Z (21 — 2k + 1)” 5{j1j2~~~ 5j2k71j2k 8j2k+1~~~jl} (A)k In ‘€| ] <C3)

where A is the Laplace operator in terms of three-vector & = (£!,£2,£3). One obtains

(A)" n|¢|=In gl , (C4)
— 9
(Aﬁhﬂﬂzgﬁggl for k=123, ... (C5)
Inserting (C4) and (C5) into (C3) yields
[1/2]

. (20 — 4k + )N A (2k — 2)!
Djr..y €] = Dyjp.jy W [€] + @I = 2k + 1)1 Ofj1jaer: Ojon—vjon ajzkﬂn-jz}w -(C6)
£ I

Using relation (A30) in [26] one obtains for the partial derivatives

Opr..sn I €] = (=1)"* (21 = 2)1 ’”‘|§—| , (C7)
A 1 _ l <2l — 2k — 2)” ﬁj2k+1---jl
8]2k+1-~-]l |£|2k - ( ) (2]{ . 2)” |€|l ) (C8>

where the STF tensor 7, ;, = STF;,.;, & ...&7/|¢]'; we notice that the allowed values
I >2withl1<k<I[/2forevenland 1<k < (l—1)/2for odd [ in (C8). By inserting (C7)
and (C8) into (C6) one obtains

(_1)1 [1/2]
Z Bllc 5{j1j2~~~ 5j2k—1j2k ﬁj2k+1~~~jl} (09)

l
3 Ry

0,5 In[§| =
where the coefficients are given by
Bi=—20-2)!! for k=0, (C10)

(21 — 4k + I (2k — 2)!
(20 — 2k + )11 (2k — 2)1I

Bl =+ (20 =2k —2)!l  for k>1. (C11)
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From relation (A19) in [26] we get

I (2k — 1)

6{j1j2~- 0ok 1o L (2k)! (1 — 2k)! (J1J2--- 0ok 1jan Mo di) - (C12)
Accordingly, by means of this relation one obtains for the expression in (C1)
R (_1>l (/2] ' )
aL In ‘é’ = STleu W Z C]i, P’lel e Ijljll 5]'1]‘2”. 5j2k71j2k ﬁj2k+1-~~jl (C13)
k=0

where the symmetrization from the STF operation allows to remove the round brackets.

The new coefficients in (C13) are given by

Ci=—20-2)!!  for k=0, (C14)
(20 — 4k + 1)1 (2k — 2)! I (2k — 1)

- — 92k — 2\
=t @oon AR g an

for k>1,(C15)

which are a combination of the coefficients in (C10) - (C11) and the factorial coefficients on
the r.h.s. of relation (C12). The contraction of the product of two projectors by a Kronecker

symbol yields a projector, e.g. Pfll P2§. . = P,,;,. Hence, one may write (C13) in the form

192 J1J2
. (_1>l [1/2] l ) )
aL In |£| = STlell W Z Ck ‘Piliz . PiQk—llék Réikjll Ce Bil ﬁj2k+1...jl . (016)
k=0

Because the three-vector £ is laying in the plane orthogonal to three-vector o, the projectors
acting on three-vector £ yield the same three-vector: Pfll &, = &,. Accordingly, if the
projectors are acting on the tensor n; then the result will be the same tensor n;. For
instance: Pfll Pf; Njj, = Miyi,- However, it is emphasized that if the projectors are acting
on the STF version of this tensor, ny,, then the result will in general not be the same STF
tensor ny. For instance: Pfll PZ]; N, js 7 Miyip- Lherefore, in order to evaluate the action of
the projectors on STF tensor ny, in (C16) one has to expand the STF tensor 7, in terms of
ny, which allows to determine the action of the projectors in (C16). By means Eq. (B20)
(cf. Eq. (A20a) in [26]) one obtains for this expansion the following series,

[(I—2k)/2]
ﬁj2k+1~--jl = Z ch,p 5{j2k+1j2k+2 s 6j2k+2p71j2k+2p Njoktroptidi} (C17)
p=0
where the coeflicients
20 — 4k — 2p — 1!
Dj,,=(=1)" ( p—1) (C18)

(2 — 4k — 1)II
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These coefficients are well defined, because the arguments of the double faculty are zero or
positive, and only in the most extreme possible case we have (—1)!! =1 (cf. p. 301 in [23]).
However, later we will rewrite the double factorial in a more compact form of factorials and
binomial coefficients, where (—1)! is not well defined. Therefore, we have to rewrite (C18)
as follows,

20— 4k —2p+ 1)I! 21— 4k +1
(20 —4k+ 1)1 20—4k—2p+1

Dj.,= (=1 ( (C19)

This form allows to apply the relation between double factorial and factorial in Egs. (C31),
which will be used later. As stated, when the projectors are acting on the tensor n; then
the result will be the same tensor. Accordingly, using (C17), one obtains for the last term
in (C16) the following expression,

, [(1—2k)/2]
J2k+1 Ji 2 o E l ) ) . ) . )
F)igk_,_l et F)il n]2k+1~--]l - Dk,p P{22k+112k+2 e P22k+2p7122k+2p n12k+2p+1---ll} . (CQO)

p=0

Accordingly, by inserting (C17) into (C16), by means of the explicit form in (C20), one

obtains
. (_1)l [l/Q] [(l_Qk)/Q]
Opln|g]="—7STF;, ;Y Y Ef,
X Piliz BZk—liZk P{i2k+1i2k+2 ce PZ’Qk+2p71i2k+2p ni2k+2p+1.4.il} ) (021)
where the coefficients Ej , = C}, D}, , (no summation over [ and k) are given by
20— 4k + 1 (2k—2)!
El =+4+(-1) 2l — 2k — 2)!!
e =+ (=) 2l—4k:—2p+1(2]<:—2)!!< )
{! (Qk’ — 1)!! (2[ — 4k — 2p + 1)”
f E>1. C23
k) (1 —2k) (20— 2k + 1)I o= (C23)
Using relation (A19) in [26] we get (cf. Eq. (C12))
P{i2k+1i2k+2 s Pi2k+2p—1i2k+2p Tigpropt1. it}
(l — 2/{:)! (2p — 1)!!
= . P7;2k+2p71i2k+2p Niogropt1. i) - (CQ4>

T (2p)! (1= 2k — 2p)! iz
Inserting (C24) into (C21) yields

(_1>l+1 (1/2] [(1—2k)/2]
Z Fli,p Pii... Pi%wpfli%up Nigyopir..is (C25)
p=0

dp In|¢| = STF,, l
1 R
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where the STF operation allows to remove the round brackets (cf. Eq. (C13)) and the new

coefficients are given by

Lo &= oy @ D _

Fp=+(=1) (20 — 1) (21 —2p 1)”(2]?)! =) for k=0, (C26)
_ —2) 1! — 1)

P R ek W k) LN B D

20— 4k —2p+1 2k =2)I'  (2k)!
(2l — 4k —2p+ )N (2p — D!

21 — 2k — 2)!I!
< M o @ =2k =)

for k>1.(C27)

The expression in (C25) represents a double sum over a finite number of terms which are
functions of the summation indices k£ and p. All terms with £ + p = const. have the same
number of projectors and unit-vectors. Therefore, it is useful to regroup the expression in
(C25) into a double sum over terms with have the same structure. That means, it is useful
to introduce the new summation indices ¢ = k and n = p + ¢. All those terms with the
same number n have the same number of projectors and unit-vectors. Then, the double

summation over k and p is replaced by a double summation over these new indices n and g,

that means
A (_1)l+1 /2] »
aL In |€| = ’5—|l STF“ZZ Z Z Fé,nfq Piliz... Pinzfllén ni%H._'il . (C28)
n=0 ¢=0

The scalar coefficients in (C26) and (C27), after some algebraic manipulations and expressed

in terms of these new summation indices ¢ = k and n = p + ¢, are given as follows:

Fl,_,=(=1"27 (-1 <l 7_1 1) (;n) [(%2; 1)] B for ¢q=0, (C29)

_ 20—4g+1 [ 1 n
Fl 1 n—q+1 2l—2q — 2!
en—a (=1) (/ ) 2n +1 2n ) \q

l—q\ (29 —2 L—2\1"' [/20=2¢+1\]""
fi > 1 3
X(n)(q—1>[(q—1)] K 2n +1 o =1
where the binomial coefficients are defined by Eq. (36). In order to deduce these scalar

coefficients in (C29) - (C30) from (C26) - (C27), the relations

2 1)!
(%M-Wm!mi@mﬂﬂ—%%%— (C31)

have been used [23], which allows one to rewrite (C26) and (C27) fully in terms of factorials.
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If one performs the summation over variable ¢ in (C28), one obtains

(_1>l+1 [l/Z}
STFh---iz Z Giz Piig... Pigy_1ia, Nigpyr. iy - (032>

| | n=0

éL In |E| =

These new coefficients in (C32) are defined by

Z L - (C33)

By inserting (C29) - (C30) into (C33) and performing the summation one obtains [66]

GL = (—1)" 2i~2n= 12‘! % (C34)

These are the coefficients given by Eq. (55) and the expression in (C32) coincides with (54).

Appendix D: Proof of Eq. (92)

The scalar function F}, in (91) reads

/2]

1 Cisor o &
L l 12n41 A
P g 4 B Y6 P P S22t o)

where the coefficients G!, are given by Eq. (55). In this Appendix we will show that (92)
follows from (D1).
The projectors are defined by Eq. (27). In view of the fact that the contraction of the

STF tensor 02;, ... 0;- with a Kronecker symbol vanishes, one may omit the Kronecker
symbol in all projectors in (D1), e.g.: P,;, — — 04,04,. That means
Piliz s Pizn—lizn - (_1)n 01104y - -+ Oigy 1T, - <D2)

Furthermore, in each term in (D1) the auxiliary three-vector & can be replaced by the impact
vector d, (cf. text below Eq. (54)). Then, the scalar function in (D1) takes the following
form,

/2]

. N di2n+1 diz
o R
§ :G BB (<)o oyt

D3
(d) o
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Now the expression of the STF tensor in (78) with the coefficients in (79) is inserted into
(D3) which yields

/2 /2

2l —2p — 1)
M (I—1)! Z Z (20 — 1!
X 5{i1i2 cee (5i2p—1i2p 6?2p+1 ' 674}
izt |
X (_1)71 Oiy - 0i2n¥ <D4)

(dg)l—2n

It is appropriate to perform the summation over n rather than p in (D4). Using relations

like

5 o't =(o-e3), (D5)
&, dit = (dy - e3), (D6)
as well as
51‘12'2 O'i1 O'i2 =1 s (D?)
dir di2
1112 W = 1 ) (DS)

one obtains for the summation over variable n in (D4) the following result:

[1/2] l . dient1 b
Zan Oiriy -+ Oinyring Oy 1 -+ 00y (=1)" 0y .. %”W

1/2

[—2m
The scalar coefficients in (D9) are given by

I oimomer —m—=1) /m (20 — ! l_'
fn=2 (I—=2m) \p/ (@ —2p—1) m!’ (D10)

which are a combination of the coefficients in (C34) times a binomial coefficient times the
inverse of the coefficients in (79). Now the result (D10) is inserted into (D4) and the

summation index m is renamed into n. Furthermore, the relation

/2] 1t/2] /2] n

S fp)=>> f(np (D11)

p=0 n=p n=0 p=0
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is used. By these steps one arrives at

Flo= Zziicz(—l)"(df’df?’)l_% = () e o

p

From the binomial theorem (35) we get the relation

Sy (”) a2 = (~1)" (1 - a?)" . (D13)

p=0 p

Using (D13) one finally obtains (with (—1)" (=1)" = 1)

1/2

Fl, = ﬁ gG; (d"d;ei*’)”n (1 —(o- 63)2)n. (D14)

The expression in Eq. (D14) coincides with the expression in Eq. (92).

Appendix E: Proof of Eq. (100)

The pseudo-scalar function F in (99) reads

[1/2]
1 . T
Fg= =1y Cine? 02,05 .. 6w STFy i | G Py - Py i, W ;
’ n=0

(E1)

where the coefficients G!, are given by Eq. (55). In this Appendix we will show that (100)
follows from (E1). One may use the same replacement as given by relation (D2), because

02,02 ... 0) . is an STF tensor up to the index 4,_;. That means
Pili2 s ‘P7:2n71i2n - (_1)n 010y -« -+ Tigp 10, - <E2)

Furthermore, in each term in (E1) the auxiliary three-vector € can be replaced by the
impact vector d, (cf. text below Eq. (54)). Then, the pseudo-scalar function in (E1) takes
the following form,

1 (/2]

) . dizmer | i
Fé = m €ibc O 5ib (5?1 R (5271> STF“” Z Gln (—1) Oiy - O4oy, =9
’ n=0

(dg)l—Qn
(E3)
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For the STF tensor in (E3) we get from (78)

53,68 5 =635 .5
[1/2]
l 3 3
+> HL Sy e iy ia, O 00 (E4)
p=1

where H), are the scalar coefficients in (79). The further evaluation of (E3) is considerably
be simplified by taking account of the fact, that the terms in the second line in (E4) do not
contribute in (E3). Therefore, we get

02 - :
1 ‘ it i
(63 X O')Zl 5?1 e (53 STF“” ZG; (_1>n Oiy -« Oiy, R ,

-1

n=0

where 63 = e} and €. €} 0¢ = (e3 x )" have been used. Now the summation over variable
n in (E5) is considered which, by means of relations (D5) - (D8), can be written in the

following form,

[1/2] j j
: dinsr, i
5 ... 55’1713TF¢1...¢Z Z G, (=1)" 0y, ... 04, —2n
n=0 <do>
/2] I-2n—1 n
dzfl n [—2n do 1 €3 n n—
- d_ZGL (=1)" — ( d ) > (= (p> (o-es)™ ™. (E6)
7 n=0 7 p=0

In relation (E6) all those terms, which are proportional to either o or e?{ have been omitted,
because they vanish when contracted with (es x o). Then, by inserting (E6) into (E5) and
using relation (D13), one arrives at (with (—1)" (=1)" = 1)

[1/2]

1 (oxd,)- e3 [ —2n 2\ (dy e\ !
Fl— Yo = (1- (o E
S +<l — 1)| d, o Gn I ( (U 63) d, ) ( 7)

where (e3 x o) - d, = (60 X d,) - e3 has been used. The expression in Eq. (E7) coincides

with the expression in Eq. (100).

Appendix F: Examples of total light deflection

In this Appendix some examples for the total light deflection caused by mass-multipoles

(114) and caused by spin-multipoles (121) are given.
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1. The mass-monopole

For completeness, we consider the unit tangent vector of a light ray in the gravitational
field of a mass-monopole. The monopole term of the unit tangent vector follows from (48)

for [ =0 to be

4G M, d,
VivP[’ON:_ 2d . d_ ) (Fl)

where from (69) follows that the mass-monopole equals the Newtonian mass of the body:
My, = M. Eq. (F1) agrees with Eq. (16) in [18] for the case of one massive body. For
the angle of total light deflection caused by the mass-monopole one needs the Chebyshev
polynomial of first kind for = 0, which follows from (80),

Inserting (F2) into (114) yields
4GM

5(0-7V%0N>: 2 d.’
g

(F3)
where Jy = —1. Eq. (F3) is the term in the total light deflection (114) which is caused by

the mass-monopole structure of the body, which coincides with Eq. (112).

2. The mass-quadrupole

For the mass-quadrupole one needs the Chebyshev polynomial of second kind for [ = 1

and | = 2, which follow from (82),

Uy (x)=+2z, (F4)
Uy (z)=—1+42%, (F5)

where variable x is defined by Eq. (93). By inserting (F4) and (F5) into (97) we obtain the

mass-quadrupole term of the unit tangent vector,

4G M P\? d, e d, e\’ d,
b () (52 e (1 er s (f52)) £
(F6)
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which agrees with Eq. (40) in [18] as well as with Eq. (48) in [38]. For evaluating the angle
of total light deflection one may either use the formula (114) or one may insert (F6) into

(61). One obtains for the quadrupole structure of the massive body,

§ (o, vik) :+4G_M J (5)2 1—(o-e5)—2 (d"d;e?’f] : (F7)

c2d, dy
Eq. (F7) is the term in the total light deflection (114) which is caused by the mass-quadrupole

structure of the body, which coincides with Eq. (41) in [18] as well as with our investigation

in [57]; note that e; = (0,0, 1) hence (o - e3)> = (¢3)° and (d,, - e5)* = (d3)°.

3. The mass-octupole

For the mass-octupole one needs the Chebyshev polynomial of second kind for [ = 1 and

[ = 2, which follow from (82),

Us(2)=—4x+82%, (F8)
Uy(z)=41—122% + 162 (F9)

where variable z is defined by Eq. (93). By inserting (F8) and (F9) into (97) we obtain the

mass-octupole term of the unit tangent vector,

16 GM P\*/d, e d, e;)\’
”%4N:WJ4(d_a> < , 3)”(63“) [1_(”'63)2_2( , )]

1oy (E)Z_ (1-(o-e)’)’ ~12(1~ (o)) (d”d;eg)Q“G(dadng]
(F10)

+

do

which agrees with Eq. (50) in [38]. For evaluating the angle of total light deflection one may
either use the formula (114) or one may insert (F10) into (61). One obtains for the octupole
structure of the massive body,

AGM (P
(et =— (1)

X [(1 —(o-e3)?)" —8 <d"d'ge3)2 (1-(0-e3)?) +8 (d"d'ae?’)éll . (F11)

Eq. (F11) is the term in the total light deflection (114) which is caused by the mass-octupole

structure of the body.
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4. The spin-dipole

For completeness, we consider the unit tangent vector of a light ray in the gravitational
field of a mass-monopole in uniform rotation. The spin-dipole term of the unit tangent

vector follows from (98) for [ =1 to be
AGM P\’[. (e xd,) - e;d
S 2 o 3 Go
: Q — | 2——=
g (d0> [ d,  d,
which is in agreement with Eq. (60) in [18]. By inserting (F12) or (98) into (62) one obtains

Vipy =t

+ (o x e3) |, (F12)

the angle of total light deflection (cf. Eq. (119)),

) AGM P\* (o xd,) e
6(0"’/19.5PN):_ 3 QR o (d_a) d—037 (F13)

where Jy = —1 and which is in agreement with Eq. (61) in [18].

5. The spin-hexapole

For the unit tangent vector of light trajectory caused by the spin-hexapole of the massive
body (I = 3 in (107)) one needs the following Chebyshev polynomials which are deduced
from (81) and (82),

Ts(z) =3z +42°, (F14)
Ty(r)=+1—-82* +82*, (F15)
Uy (2)=—1+ 427, (F16)
Us ()= —4x +8z%, (F17)

where variable z is defined by Eq. (93). Inserting (F14) - (F17) into (107) yields for the

spin-hexapole term of the unit tangent vector,

, 8 GM P\'[(o xd,)-e d,-es\’ d,
VAIS’?’N:—F?C_{;QJQ <d_g) {T3 24 (d—s) —4+4(0'€3)2 d_o

o

gl Xg:)'e?’ (d"d'ge?’) o x (e5 X &) + (4 (d”d' 63)2 14 (a.eg)2> (o x eg>}.

o

(F18)

By inserting (F18) into (62) one obtains the angle of total light deflection,

24 GM P\* (o xd,) e d, es;\’
5<U,V5%PN):+_?QJ2(_)gll_@.egf_zl( s)].

7 dy dy dy
(F19)
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(F19) is the term in the total light deflection (121) which is caused by the spin-hexapole

structure of the body.
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Let us notice here, that these terms in (10) can be positive or negative, because they are not
angles, but individual terms which contribute to the angle of total light deflection, which is a
positive real number per definition.

The metric perturbations in Egs. (13) - (15) can be obtained from Egs. (5.32.a) - (5.32.c) in
[27] by means of the relation between metric perturbation and metric density perturbation
as given, for instance, by relation (3.5.10) in [17]. One may also consider the post-Newtonian
expansion of Eq. (2) in [58] in the stationary case.

The differential operator in Eq. (37) is just the STF version of expression (101) in [30]. It also
coincides with the summand ¢ = 0 in Eq. (94) in [31]. The same differential operator is given
by Eq. (11.2.23) in [32]. Let us also notice that the differential operator in Eq. (37) resembles
Eq. (24) in [19], where the only difference is just the projector as described in the main text
between Egs. (27) and (37).

One may obtain Egs. (39) - (41) from Egs. (69) - (72) in [31] for a massive body at rest in
stationary case.

This can be seen if the spin-dipole, as given by Eq. (8) as well as by Eq. (71), is inserted into
(119) and using Jy = —1 which follows from the definition of the zonal harmonic coefficients
(76).

Relation (C33) with the result in (C34) has been calculated by means of the computer algebra
systems Mathematica [59] as well as Maple [60], while an exact proof can be performed by

mathematical induction.



