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Abstract

The paper presents necessary conditions for curves in R? subjected to the nonholonomic
constraint of an upper bound for curvature and suitable boundary conditions. The proof es-
sentially uses a reformulation of the problem by means of framed curves. The Euler-Lagrange
equations for nonlinearly elastic Cosserat rods subjected to a general class of locking con-
straints is derived by similar methods.
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1 Introduction

A typical question in geometry is to look for a curve v of minimal length subjected to suitable
constraints. If both ends of the curve are fixed at given points, then we are led to the classical
problem of geodesics that are characterized by a vanishing curvature along the curve. An ana-
lytically much more difficult problem is the study of length minimizing curves with prescribed
positions and tangential directions at the ends and subjected to the nonholonomic constraint of
an upper bound for curvature. A few years ago this problem was formulated by Y. Wang [17]
for planar curves which, e.g., models the path of a car or robot where a lower bound for the
turning radius is taken into account. While a solution of E. Verriest based on control theory
was given in [14], it turned out that already L.E. Dubins [5] had solved the problem with much
more elementary methods about 50 years ago (cf. also [7]). Though the existence of a solution is
verified for curves in R" (n € N) in [5], its characterization is studied for planar curves only. In
the present paper we derive a characterization of such curves in R3.

A much more subtle constraint is obtained if the tubular neighborhood of a spatial curve ~
with given radius ¥ > 0 is prohibited to intersect itself. This can be formulated analytically by
an upper bound on the global curvature K[y] of v (cf. Gonzalez et al. [6], Schuricht & v.d. Mosel
[13]). A corresponding length minimizing solution within a given knot class is called an ideal knot
in the case of a closed curve + and it is called an ideal link in the case of several linked curves.
For the characterization of ideal knots and links we are confronted with the difficulty that global
curvature can express either a local curvature bound or a nonlocal “self-distance” property of the
curve (or both). While the results in [13] are restricted to situations where only the nonlocal case
occurs, the subsequent investigations supplement these results for the case where only the local
case occurs.

The deformation of an elastic rod is usually described by some deformed reference curve sup-
plemented with deformed configurations of the cross sections. We observe that elastic deformation
becomes harder and harder the more the body is already deformed. This phenomenon can be
modeled by a suitable growth of the elastic energy density and, if only strains in a given set can
be realized, by so-called locking constraints (cf. Ciarlet & Necas [2]). We shall use the Cosserat
theory to describe the behavior of nonlinearly elastic rods that can extend, bend, and shear.
Pointwise restrictions for the strains turn out to be quite similar to the nonholonomic curvature
condition discussed for curves. For a general class of problems the Euler-Lagrange equation as
necessary condition for constrained energy minimizing configurations is verified. For the special
case of a homogeneous circular unshearable rod we observe that the mechanical requirement of
non-interpenetration of matter locally corresponds to an upper bound on curvature for the de-
formed middle curve showing the affinity to the previous pure geometric problem. The more
sophisticated question of global non-interpenetration of matter for rods is studied in Gonzalez et
al. [6], Schuricht [9], Schuricht & v.d. Mosel [12], [11] where our investigations supplement these
results in the local case.

The analytical difficulty due to the nonholonomic constraint is circumvented by a special
formulation of the problems based on framed curves, i.e., the curve « is equipped with an or-
thonormal frame at each point. This way the constraint forms a convex set and we can combine
the direct methods of the calculus of variations with convex analysis in order to derive necessary
minimality conditions. In the case of an elastic rod we get Lagrange multipliers as corresponding



contributions in the balance of forces and moments. For curves subjected to a curvature bound we
obtain an equation as necessary condition and can easily derive further properties characterizing
such curves.

In Section 2 we first introduce the main ideas of the Cosserat theory for elastic rods. Then we
briefly discuss the existence of energy minimizing configurations with respect to a general class
of locking constraints and we formulate the corresponding Euler-Lagrange equation in Theorem
2.23. Curves of minimal length subjected to an upper curvature bound are considered in Section
3. Theorem 3.5 provides a general necessary condition and Corollary 3.9 collects a number of
simple consequences. In contrast to the planar case where minimal curves are a composition of
straight segments and circular arcs, for spatial curves also spirals can occur as it is shown by a
simple example. The proofs are deferred to Section 4. Some results needed for our analysis about
the dependence of ordinary differential equations on parameters, that are a slight modification of
them in Schuricht & v.d. Mosel [10], can be found in the Appendix.

Finally I would like to remark that all results presented in v.d. Mosel [15] are joint results of
H. v.d. Mosel and myself with comparable contributions (partially also with O. Gonzalez and J.
Maddocks) that are published in [6], [11], [12] and where my contributions go far beyond “conver-
sations” as it is stated in [15] (in particular, [15] contains proofs completely done by myself). The
joint manuscripts of [11], [12] are not cited in [15], but they had already been available in almost
final form (despite the gap mentioned below). Though the central transversality assertions (b),
(c) are already stated in the main theorem [15, Th. 4.2.1], this longstanding open problem of our
cooperation had not yet been solved at that time and it still took almost a year after submitting
[15] that the essential gap in the proof could be closed by myself (cf. [12, Lemma 15]).

Notation.

We use |a| for the Euclidean norm, a-b for the scalar product, and a x b for the cross product
in R™. The Lebesgue measure of M C R" is denoted by |M|. The open e—ball of u is B:(u) the
boundary of a set M is M. We write AT for the transpose of matrix A. For a Banach space
X and its dual space X* the duality pairing is given by (-,-). LP(Q), 1 < p < oo, stands for the
Lebesgue space of p-integrable functions and we use 1/p + 1/p’ = 1 to identify the dual spaces.
WFP(Q) is the space of all LP-functions having p-integrable weak derivatives up to order k.

2 Constrained elastic rods

We first give a brief introduction into the special Cosserat theory which describes the behavior
of nonlinearly elastic rods that can undergo large deformations in space by suffering flexure,
torsion, extension, and shear. For a more comprehensive presentation see Antman [1, Chap.
VIII], Schuricht [8].

Let the deformed position field of a slender elastic body be given by

p(s,C1,C2) = (s) + Cidi(s) + Cada(s) for (s,(1,G2) € 2, (2.1)
where
Q:{(57C1,<2)|S€L (ClaCZ)EA(S)}’ I:[Oal]'

We interpret v : I — R3 as the deformed configuration of some material curve in the body, the
so-called base curve, with length parameter s. dy(s), da(s) are orthogonal unit vectors describing



the orientation of the cross section at s and (1, (o are corresponding thickness parameters. The
parameter sets A(s) C R? characterize the shapes of the cross sections corresponding to s and do
not have to be uniform. For the stress free reference configuration, which has not to be straight,
we assume that s is the arc length of the base curve and that the cross sections are orthogonal
to the base curve. Setting ds := d; X da, the vectors {d1, ds,ds}, which we call directors, form
a right-handed orthonormal basis for each s and can be identified with an orthogonal matrix
D = (dy|dz|d3) € SO(3) (the right hand side denotes the matrix with columns dy,da, d3).

A deformed configuration of the rod is thus determined by mappings v : I — R3 and D : I —
SO(3). Tt is reasonable to assume that r € Wh4(I,R?) and D € W'P(I,R3*3) for p,q > 1. In
Gonzalez et al. [6] it is shown that each such configuration uniquely corresponds to an element

w = (u,v,79, Do) with u = (u1,us,us), v=(v1,v2,v3)

belonging to

X = XP9 = LP(I,R3) x LY(I,R?) x R? x SO(3) (2.2)
by means of
3
d, = (Zuidﬂ) xd, ae onl, k=123 (2.3)
j=1
3
¥ = Zvjdj a.e. on I, (2.4)
j=1

7(0) = 7, D(0) = Dyg.

u, v are called the strains of the problem. The notation p[w], y[w], etc. indicates the dependence
of p, 7, etc. on w = (u,v,79, Do).

We obtain more special rod theories by fixing suitable components of the strains u, v. E.g.,
the requirement v = (0,0, 1) provides a theory for unshearable and inextensible rods.

We assume that the material of the rod is hyperelastic, i.e., there is a stored energy density
W :R3 x R3 x I — R depending on (u,v,s) where W(-,-,s) is convex and such that the total
elastic energy of the rod is given by

1
Ei(w) = Es(u,v) = /0 W(u(s),v(s),s)ds.

The contact force f(s) = Z?:1 fi(s)d;(s) and the contact couple m(s) = Z?:1 m;(s)d;(s) exerted
from the elastic material through the cross section at s are then given by

fi(s) = Wy, (u(s),v(s),5),  mils) = Wa, (u(s),v(s), 5) (2.5)

for almost all cross sections s (cf. Antman [1, Chap. VIIL7], Schuricht [8]). The respond of an
external force described by a vector valued Radon measure f. on €2 enters the theory by means
of an potential energy

Ep(w) = - /Qp(37C17C2) : dfe(&Cl;CQ) (26)



(cf. Schuricht [8]). By

fe(s) = /Q dfe(s,C1, ), Qs :={(0,(1,¢2) € Qf 0 = s} (2.7)

we denote the resultant external force acting on the material corresponding to §25. The couple
induced by the force f. is given by

my,(s) = / (Cldl(a) + C2d2(0)) X dfe(o, (15 G2) - (2.8)
Qs
The mechanical requirement that configurations should preserve orientation and should be
locally invertible is imposed by the analytical condition that

Ip(s,C1,¢2)

det 8(‘9) Clv C2)

>0 ae. on (2.9)

By (2.1) this is equivalent to
v3(s) > Crua(s) — Qui(s) for ae. (s,(1,¢2) € Q. (2.10)
and leads to the one-dimensional inequality
v3(s) > V(ui(s),uz(s),s) forae sel (2.11)

whith

V(ug,ug,s) = (4‘1,?21)%};(5) Crus — Couy . (2.12)
As an upper envelope of a family of linear functions, f/(, -, 8) is convex and continuous (cf. also
Antman [1, Chap. VIIL.6]). We claim to study general constrints of the type (2.11).
Let us first discuss some special case of (2.11). If we take a uniform rod with circular cross
sections of radius ¥ > 0 and and if we choose the curve of centroids as base curve, then condition
(2.11) has the special form

v3(s) > 9/ u1(s)2 + ua(s)? ae. on I. (2.13)

This condition has a concrete interpretation if we restrict our attention to unshearable extensible
rods where v = (0,0, v3). If v3(s) > 0 a.e. on I, then the arc length parametrization I" : [0, L] —
R? of the base curve v (here L = L(v) is the length of the curve) has the weak second derivative
I'" = (uad; — updsz)/vs. Thus the curvature k of v is given by

[72 2
k=" = Vit a.e. on [ (2.14)

U3

(cf. Gonzalez et al. [6]). Hence (2.13) expresses an upper bound on the curvature of v of the
form k(s) < 1/9 a.e. on I (9 > 0) in that special case.

A restriction for the strains (u,v) of the form (2.11) is also called a locking constraint for the
material (cf. Ciarlet & Necas [2]). Other simple locking constraints might be, e.g., a bound for
maximal extension

\/v%(s) +v3(s) +v3(s) <a; a.e. on I,

5



a bound for maximal torsion
lug(s)| < ag a.e. on I,

or a bound for a maximal shear angle

<az a.e. on [

for suitable constants «; > 0,7 =1, 2, 3.
All formulated constraints can be written in the form

V(u(s),v(s),s) <0 ae. on I

for a suitable function V' that is convex in (u,v). Below we study a variational problem containing

that kind of side condition and we use the notation,

3

3
m¥ (s) = S ml (s)dils),  1V(s) = 30 £Y ()di(s),
; =1

where
mZ/(s) = Vm (U(S),U(S), 5)’ sz(S) = V;)Z.(U(S),’U(S),S).

To avoid technicalities we assume that
(Vu(u,v,s), Vy(u,v,s)) #0  for all (u,v,s) with V(u,v,s) =0

and define the normalized vectors

mV (s)

[(mY(s), fV(s))I’

¥ (s)
|[(mY(s), fV(s)I’

mY (s) =

f(s) =

We now study the variational problem
E(w) = [ W(u(s),v(s),s)ds — / plw] - dfe — Min!, w e XP9
1 Q

Ywl(0) =0, Y[w](1) =, D[w](0) = Do, Dlw|(1)= Dy,
V(u(s),v(s),s) <0 ae. on [

v(s) = (m"(s), [ (s)).

(2.15)

(2.16)

(2.17)

where 70,71 € R3, Do, D1 € SO(3), 1 < p,q < 00, and the Radon measure f. on {2 are given. For

our subsequent analysis we always assume that:

V(- s), W(,-s) are continuous for all s € I,

V(u,v,-), W(u,v,-) are Lebesgue measurable for all (u,v) € R® x R3.

Moreover, notice that XP? is not a linear space, but it is contained in the Banach space

7Z = 7P = LP(I,R?) x LY(I,R?) x R? x R?*3,



Let us first discuss the existence of a minimizer of (2.17) - (2.19). For that reason we assume
that 1 < p,q < oo, that V(-,-,s), W(,-,s) are convex for all s € I and we impose the standard
growth condition

W(u,v,s) > c(|ulP + [v]9) + ¢(s) for all u,v € R® and a.e. s €T (2.20)

where ¢ > 0 is a constant and 1 € £}(I). Then F(-) is weakly lower semicontinuous on Z by
standard arguments (cf. Dacorogna [4]). E,(-) is weakly continuous on Z, since w, — w in Z
implies that v[w,] — v[w] and D[w,] — D[w] in C(I) (cf. Gonzalez et al. [6]). Hence E(-) is
weakly lower semicontinuous on Z. The subset of Z defined by (2.19) is convex and closed and,
hence, weakly closed. Since the boundary conditions (2.18) are stable under weak convergence
(cf. [6]) and since SO(3) is a closed subset of R3*3, we readily obtain the following existence
result by the direct methods of the calculus of variations.

Theorem 2.21 Let (2.20) be satisfied with 1 < p,q < oo and let the admissible set be nonempty.
Then variational problem (2.17) - (2.19) possesses a minimizer.

Now we are interested in the Euler-Lagrange equation as necessary condition for a mini-
mizer. Here we again assume that V (-, -, s) is convex and we suppose that W (-, -, s), V (-, -, s) are
continuously differentiable for all s € I. Furthermore we impose the usual growth restriction

(W (u, v, 8)| + |[Wy(u, v, s)| < é(|uP + [v]?) +(s) for all u,v € R?, ae. sel (2.22)

where ¢ > 0 is a constant and ¢ € LY(I). For a minimizer w of the variational problem we define
the set
Ia = {S € I| V(U(S),U(S),S) = 0}

of active s in (2.19) (note that I, is only determined up to a set of measure zero).

Theorem 2.23 Let (2.15), (2.22) be satisfied and let w € X be a local minimizer of the
variational problem (2.17) - (2.19) with 1 < p,q < 1. Then there are multipliers X > 0,
fL2mt,m? € R3, and a measurable function o : I — [0,00), not all zero, such that

omV e LV(I), ofV e LI(I), o(s) =0 a.e. on I\ I,, and

0 = wnluls) <A [ AWul(0) x (o) = o~ Amp () + m? — ale)n () (224
0 = Aflul(s) = Auls) + F2 — o()F¥ () (225)
0 = A [ Alu6) % fuls)ds ~ g 0) 4 (2.26)
0 = —Mfo(0)+ fL+ f2 (2.27)

for a.e. s € I. If I\ I,] > 0 or if both m"Y and fV are not constant on I, then we can choose
A=1.

Notice that (2.24), (2.25) express the balance of moments and forces, respectively, and (2.26),
(2.27) say that the sum of all external moments and forces, respectively, has to vanish.



The assertion can be extended to the case where V(-,-,s) is not differentiable if we extend
Lemma 4.11 below to that case and replace the gradients m" (s), fV(s) with suitable elements
from the convex subdifferentials 9,V and 0,V respectively.

An application of the theorem to the special constraints discussed after (2.14) provides a
contribution to the balance of forces (2.25) if we restrict extension or shear angle and we get a
contribution to the balance of moments (2.24) if we restrict torsion.

3 Constrained curves

Let v € W?P([0,1],R?) be a curve and let I' € W2?([0, 1], R?) be the corresponding reparametriza-
tion of constant speed, i.e., [I'(s)| = L for all s where L = L[7] is the length of the curve (without
danger of confusion we always assume that I, I, T'), etc. refers to v, ¥, Yk )- Denoting the (local)
curvature of v at s by x[y](s) and using I := [0, 1] we consider the variational problem

1
:/ |v(s)|ds — Min!, ~ & W?P(I), (3.1)
0
') (1)
7(0) =0, ¥(1) =, =ty, —tr =1 (3.2)
[r(0)] (1)
2|~12 A2
\/m [y \‘ ’67 T e weon 1 53
v
where v;,t; € R?, kg > 0 are given with [¢;| = 1, j = 1,2. The curvature x can be expressed

much simpler by means of the constant speed parametrization I' as

1
Ly]?

Note that, for each solution 4 € WP (I) of the previous variational problem we always have the

K[y](s) = T (s)]- (3-4)

corresponding solution T' € W2>°(I).

The existence of a solution in W?°°(I) (with constant speed parametrization) was shown by
L.E. Dubins [5] for curves in R™ (based on the theorem of Arzela-Ascoli, but without explicit
use of the Sobolev space W?%(I)). One might ask how far the direct methods of the calclus
of variations yield the existence of a solution in W?P(I), 1 < p < oo, for the nonholonomic
problem. As usually we select a minimizing sequence 3 where we can assume that vy, = I'y. The
sequence I';, has to be bounded in W?P(I) by (3.4) and, thus, has a subsequence (denoted the
same way) with a weak limit v € W?P(I). Conditions (3.2) are certainly stable with respect to
weak convergence and |y/(s)| = L a.e. on I for L := limy_,o, L[Tk], i.e., 7 has again constant
speed parametrization and agrees with I'. Using (3.4) and the fact that closed convex sets are
weakly closed we find that + solves the variational problem.

The next natural question is to ask for a necessary minimality condition, i.e., for the Euler-
Lagrange equation of the problem. In the case of planar curves Dubins [5] has shown, by compre-
hensive investigations of circular arcs and the curvature of planar curves, that a length minimizing
curve subjected to the considered constraints has to be a composition of straight segments S and
circular arcs C' having curvature k9. Furthermore, by geometric arguments combined with second
order minimality conditions, it is verified that a solution curve has to be of the type CCC, CSC



or a subarc thereof. By an approach based on control theory, E. Verriest [14] has basically proved
that the curvature vector for a solution curve =y, which is obviously orthogonal to the tangent,
either has to have length k¢ (circular arcs) or length 0 (straight segments). Moreover it follows
that there is a fixed direction ¢ € R? such that I'(s) = ¢ on all straight segments of v. But the
discussion in [14] about global minimizers v only considers curves of the type C'SC' and misses
the type CCC.

Using the same methods as before for elastic rods we are able to derive the Euler-Lagrange
equation for our variational problem in R®. While the result is new for non-planar solution curves,
we easily recover the previous results in the planar case. A standard difficulty in geometric
problems is the freedom in reparametrization. We circumvent that problem for our curves v by
the use of framed curves where an orthonormal frame D(s) € SO(3) is attached to each point v(s)
of the curve. This way we merely take into account curves with constant speed parametrization.
Let n(s) denote the (unit) binormal of T' directed as I'(s) x I'”(s) at points I'(s) where I'(s) # 0
and we set n(s) = 0 at points where I'/(s) = 0. The next theorem provides the Euler-Lagrange
equation as necessary condition for solutions of our variational problem.

Theorem 3.5 Let v be a solution of the variational problem (3.1) — (3.8) with constant speed

parametrization, i.e., |y (s)| = |I'(s)| = L for a.e. s € I. Then there are Lagrange multipliers
A €R3, o€ C(I,R), o(s) >0, not both zero, such that
0(0)n(0) + (y(s) —v(0)) x XA = o(s)n(s) for all s €1, (3.6)
1
(G =20) A< ol [ ofs)ds, (37)
0(s) =0 for a.e. s with k(s)<kg. (3.8)

Moreover, o and n are continuously differentiable on the open set Iy := {s € I| o(s) > 0} and the
second derivatives 0" (s) and n'(s) exist a.e. on I.. (Note that o(s) =0 for all s with n(s) =0.)

Quite easily we obtain further conclusions from the previous Euler-Lagrange equation.

Corollary 3.9 Let v be a solution of (3.1) — (3.3) as in the previous theorem satisfying (3.6) —
(3.8). Then:

(a) If X =0, then o(s) = 0(0) > 0 for all s € I and v(I) is a planar circular arc.

(b) If o(s) = 0 for some s € I, then X # 0 and there is a line £ in R? parallel to \ such that
v(s) € £ if and only if o(s) = 0. In particular, if v(I) has a straight segment, then it belongs to
0. Moreover y(s) € £ for all s where n is discontinuous.

(c) If o(s) > 0 on (s1,82) C I, s1 < s2, and o(8) = 0 for some § € I, then y([s1,s2]) is a
planar circular arc.

(d) If the solution curve ~(I) contains a straight segment, then vy(I) consists of at most two
planar circular arcs separated by the straight segment. In particular, y(I) cannot contain two
separated straight segments.

Remark 3.10 The proof in [5] that a planar solution curve (/) cannot contain four successive
circular arcs (with switching n) uses second order arguments and cannot be seen directly from
Theorem 3.5, but Corollary 3.9 ¢) provides at least a partial result contained in the corresponding
proof in [5].



The next example demonstrates that minimizing curves in R3 do not have to be the compo-
sition of planar arcs.

Ezample: We fix

2 1
= (1,0,0), = (4,0,27d), to=1t1 =2m%0,1,1), K9=—= where v =——.
Y0 = ( ), = ( ) 0 1 ( ) 0 /2 9m/2

For the curve
v(s) = O(cos 2ms, sin 27s, 27s), s € I =[0,1].

we have
~'(s) = 2m9(—sin 27s, cos 2ws, 1), ~"(s) = 4w*0(— cos 2ms, — sin 27s, 0).

Thus v =T has arc length parametrization, x(s) = |v”(s)| = ko for all s € I, and

7(0) =70, (1) =7, +'(0)=to, (1) =t,

i.e., 7 satisfies the side conditions (3.2), (3.3). Let us now check conditions (3.6), (3.7) for ~. For
the binormal of v we readily obtain

n(s)

1
= —(sin2ms, —cos 2ms, 1).

\/5( )
Then (3.6) becomes

(0) cos2ms — 1 (s) sin 27s
s
ey -1 |+ sin 27s X\ = AN cos 27s
V2 V2
1 2rs 1

For s = 1 we find that ¢(0) # o(1) is impossible and, since we can normalize A, we obtain that
A =(0,0,£1). Thus

sin 27s sin 27s

0
@ —1 +9 | 1—-cos2ms = @ —cos2ms

V2 1 0 V2 1

From the last line we get o(s) = ¢(0) for all s € I. Hence the first line implies that o(s) = 1/27 on
I and A\ = (0,0, 1). This way the seond line is satisfied too. Moreover (3.7) becomes 279 < ko/2m
which is obviously true. Consequently ~ satisfies (3.6) — (3.8).

4 Proofs

4.1 Proof of Theorem 2.23

Since we need a linear structure for our analysis, we represent small variations DyDy € SO(3)
of Dy € SO(3) by variations @ € R3. For that reason we consider the mapping o : SO(3) — R3
assigning the rotation vector @ € R3 to D € SO(3), i.e., & provides the rotation axis and |a| the

positively oriented rotation angle in [0,7) for the element D. « is a bijective and continuously
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differentiable mapping from a neighborhood of the identity in SO(3) on a neighborhood of the
origin in R? (cf. Schuricht & v.d. Mosel [12] for further details.)

Thus small perturbations (u + @,v + 9,70 + 0, DoDo) € X of (u,v,7, Do) € X can be
identified with the elements

(w + @, v+ 0,7 + 0, (D)) € LP(I,R3) x LY, R} x R xR} = Y

(note that Dy € SO(3) corresponds to @ = 0 in R?). Identifying the elements of X and Y in a
neighborhood of the solution w we readily see that w is a local minimizer of the corresponding
variational problem formulated in Y and we claim to derive the necessary minimality condition
for w with respect to the latter problem.

Theorem 5.8 in the Appendix implies that w — di[w](-) is continuously differentiable on a
neighborhood U(w) C Y of w and, in analogy to Schuricht & v.d. Mosel [12, Lemma 16], we
obtain (D,, - derivative with repect to w)

Dydi[w](s) w = z[a,al(s) x di[w](s), k=1,2,3, (4.1)

for all w = (u,v,%0,a) € Y, s € I where, for the fixed frame field D[w](-), the curves z = z[u, a] €
WP (I) given by

s 3
2(s) = 2(0) + /O S ui(o)difwl(o)do  with 2(0) = Y dsdi[w)(0). (4.2)
=1 )

provide a unique correspondence between the perturbations (i, a) € £P(I) x R? and the elements

z e WhHe(I).

Note. (4.1), (4.2) first follow for small intervals J C R instead of I from Theorem 5.8. The uniform
boundedness of the solutions dj[w](-) and the compactness of I then allow the continuation on I. Fur-
thermore we have to derive the explicit representation of z(0) in (4.2) from the more implicit version [12,
(A.166)]. This can be done by using that Dy € SO(3) consists of the column vectors d;[w](0), j = 1,2, 3,
that Dy' = DJ, and that

0 —as a9
(@™ (0)a = as 0 -—a for a=(ay,az,a3) € R?

(cf. [12, p. 79]).

We now imply that ~[-](s) is continuously differentiable on U(w) with

3

Dyy[w](s)w =50 + Z /03 (f)idi [w](e) + viz[u,a)(o) x d; [w](a))da (4.3)

i=1

for all w = (u,0,50,a) €Y, s € 1.
For the treatment of the boundary conditions (2.18) we introduce the functions

g1(0) = y[w](0) =0, g2(@) := Y[W](1) — 1.
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Note that the boundary conditions D[w](0) = Dy, D[w](1) = D; in (2.18) are overdetermined,
since there are 9 scalar equations for 3 degrees of freedom in each case. Thus we replace them
with the (locally) equivalent conditions

d1[w](0) - do2 di[w](1) - dyz
ga(@) = | dali)(0)-dor | =0,  ga(@):= | ds@](1)-dis | =0
ds[w](0) - doz d3[w](1) - diz

where Dy = (dp1|do2|dos), D1 = (d11|d12]d13). From our previous considerations we get that all
g;j are continuously differentiable on U(w) and (4.1), (4.3) imply

glww = Ao,
3 1
gh(w)w = "y0+2/ (@idi[w](s)—i—z[a,a](s)xvi(s)di[w](s)>ds,
i=1"0
. 3 1 1 1
(Fubini) d;[w](s) ds zlu, al'(s) x vi(o)d;[w)(o) do ds
" 70+;(/0 ul(s) s+ [ slal'() [ u()dlul(e) dods)
gy(w)yw = (dos|doz| — do1)” - z[i, a](0)
gailwyw = (dizldaa| — dnr)" - 2[u, a) (1)
1
= — T zu,a zla, al'(s) ds .
— kel = )" (lodO)+ [ sloals)as) (4.4)

for all w = (u,v,%p,a) €Y.
Standard arguments using (2.22) imply the continuous differentiability of Es(-) on U(w) with

E\(w)w = /O Z(Wui(u(s),v(s),s)ﬁi(s)+in(u(8),v(s),s)®i(s)> ds

i=1
1 3 3
_ /0 (1 al(s) - 3 mals)dilul(s) + 3 fils)n(s) ) ds (4.5)
i=1 i=1
for all w = (u,v,%,a) € Y where we have used (2.5) and (4.2) for the last identity.

For E,(-) we observe that the derivative of the integrand in (2.6) has an integrable majorant.
Thus Ep(-) is continuously differentiable on U(w) with

s 3
By = = [ (fo+ [ (X s()lul(o) +ulo)zlialio) x dful0)) do ) - die(5. 1.
=1

~ [ (Guslial(s) % dafuwl(s) + Goslal(s) x daful(s)) - (s 1,2 (46)

for all w = (u,0,90,a) € Y. Using Fubini’s Theorem and partial integration we obtain the
following identities (arguments in brackets are omitted)

/Q(/OS z(0) x vi(o)d;(o) da) - dfe(s, C1, C2)

= [ ([ sl < [ i) do) o
+20)- ([ w(odto) x [ air) do. @)
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/Q<Cz‘2(s) X di(3)> - dfo(s, C1, Ca)

/ / Gdi(o) x dfe(o, C17<2)>

4+ 2(0 / Cidi(0) % dfe(0, C1, ), (4.8)

[ [ ot do - .1,
aJo
1
= [ wete)- ( /Q i, G.G2))ds (4.9)
for i =1,2,3 (cf. also [12, (106), (107)]). Consequently, using the notation from (2.7), (2.8),

3

B = ~30fu0)~ [ (S a6))) - 1ls) s

=1

1
—/0 2'(s) -my, (s)ds — z(0) - my, (0). (4.10)

Condition (2.19) describes a convex set C' C Y and we are interested in the structure of the
normal cone Ng(w) C Y* of C' at w where the dual space of Y is given by

Y* = LP(I) x £9(I) x R? x R?.

Lemma 4.11 We have w* = (u*,v*,75,a*) € No(w) with u* = (uf, u3,u3), v* = (v, v3,v3), if
and only if v5 =0, a* =0,

N o(s)mY (s) a.e. on I,

* = v 4.12
ui(s) { 0 otherwise, (4.12)

. o(s)fY(s) a.e. on I,

“(s) = i 4.13
vi (s) { 0 otherwise, (4.13)

for a nonnegative measurable function o such that om" € L£P(I), ofV € LI (I) (cf. (2.16) for
notation).

PROOF . In this proof we use the abbreviation a = (u,v) for pairs (u,v) of points in R or
functions in LP(I) x £1(I) and oy = (ug,v), & = (4, v) etc. Let us define the convex sets

C(s)={aeRV(as) <0}, sel.
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Standard arguments show that the normal cone N¢ ) (&) C R3 x R? of C(s) at & equals {0} if
& € int C(s) and {tv(s)| t > 0} if & € 9C(s). Hence, if @ € 0C(s) and & + & € C(s), then

v(s)-a<0.

For w* € Y* having the form stated in the lemma we thus get for all @ with w + @ € C that

1
(w, ) = /0 o(s) v(s) - (als), 5(s)) ds < 0,

ie., w* € No(w).
Now let w* = (u*,v*,75,a*) € Y* be an arbitrary element in No(w). Since (u,v,v0+50,a) €
C for all 7y, a € R3, we readily see that v =0, a* = 0. Next we claim that

a*(s) = (u*(s),v*(s)) =0 a.e. on I\I,. (4.14)

Suppose that a*(s) # 0 on I} C (I \ I,) with |[I;] > 0. Since a(s) € int C(s) a.e. on I, we find
§ >0 and I C I such that |I}| > 0 and a(s) + Bs(0) C C(s) for almost all s € I} (Bs(0) C R%).
If we choose a(s) = da*(s)/|a*(s)| on I}, é&(s) =0 on I\ I, and w = (&,0,0), then we obtain
the contradiction that 0 > (w*,w) > 0 which verifies (4.14).

We now set

(s) = a*(s) - v(s), @'(s) = a™(s) - B(s)us). (4.15)

Obviously,
a*(s)-v(s)=0 forall sel. (4.16)

If ¢(s) < 0 a.e. on a set Iy C I with |Iz| > 0, then we find § > 0 and I}, C I with |I}| > 0 such
that a(s) + a(s) € C(s) with a(s) = 0a*(s)/|a*(s)| for all s € I} by the smoothness of V(- s).
Choosing &(s) =0 on I\ I}, we get the contradicition that 0 > (w*,w) = (a*, &) > 0. Hence

¥(s) >0 ae. on I.

Assume now that &*(s) # 0 on a set Is C I, with |I3] > 0 and define

aj(s) = & (5)] a.e. on I3.

Since OC(s), s € I, are smooth surfaces in R, for each s € I3 there is 7(s) > 0 and a real function
7s(+) such that for all |t| < r(s)
a(s) +taj(s) + 1s(t)v(s) € 0C(s) with 74(t) =o(t) (ast — 0)

and 75(t) < 0 by convexity of C(s) (cf. Zeidler [18, Theorem 43.C]). We thus find ro > 0 and
It C I3 with |I5] > 0 and r(s) > ro on Ij. By Egorofl’s theorem we can assume that k75(1/k) — 0
as k — oo uniformly for all s € I5. We have that w4+, € C for all 0 < t < g where w; = (¢, 0,0)
with

0 otherwise.

() = { ta}(s) + 7s()v(s) on I,

14



Thus,
02w m) B [ (60 + 0, 1106) + () ds
2 /I " ()] + D (s)7s (t) ds

3

= t/]’ (\éz*(s)\ +(s) Tst(t)> ds forall 0 <t <ro. (4.17)

But, for a sufficiently small £ > 0 the right hand side becomes positive and yields a contradiction.
Hence a*(s) = 0 a.e. on I, which implies that a*(s) is directed as v(s) a.e. on I, i.e., there is
o(s) > 0 such that (4.12) and (4.13) hold. The fact that u* € £P'(I) and v* € L9 (I) completes
the assertion. &

We now consider the variational problem (2.17), (2.19) with the boundary conditions g;(w) =
0,j=1,...,4,in Y instead of X and, obviously, w € Y (which is identified with the minimizer
w € X) is a local minimizer. Note that w € Y minimizes a continuously differentiable functional
with respect to equality constraints for a finite number of continuously differentiable real functions
and the closed convex set C' C Y. Thus we can apply a Lagrange multiplier rule (e.g., Clarke [3,
Theorem 6.1.1]) and obtain that there are multipliers A > 0, \; € R?, j =1,...,4, w* € N¢(w),
not all zero, such that for all w = (@, v,%0,a) € Y

0 = (AE'(w +ZAJ g (w D)
v v > -~
- [ (: [u,a1<a>-meu(a),v(a),a)d@-[w](a)+;fi<a>vi<a>) do
—/\%/Qdfe( ,C1,C2) — /1<i®z (s) ) - (/Q dfe(a,C1,C2)) ds

=1

[ e (f Zw(cf)di[w](o)x [ dictr. oo ds
—xzfa)( /(Zv d;w) (o x/Q dfo(7,G1,G2) ) do

[ aalts) - ( / (et [w](0) + oo fu](0))  dfe(0, 1, 2)) ds
—Az(0 / Gdi[w](o) + Cada[w](0)) X dfe(o, (1, C2) + A1+ o

X (0 +Z / ( (5)diw] (s) + 2[1, 8 (s) x / 1vi(0)di[w](a)d0>ds>

+As3 - (d03|d02| — do1)" - 2[a)(0)
1

+ g - (dys|dya| — di1)T - (z[d](0)+ /0 2[u, a](s) ds)
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1 3 1 3
_ / o(s) S Y (s)iis(s) ds — / o(s) S FY ()5i(s) ds (4.18)
0 i=1 0 i=1

Taking special variations we readily imply that

0 = Aimxs)di[wns)—x / (S ulebfule) » | a6, do

i=1

) / (Ga[w] (0) + Cadalw](0)) X dio(c, 1, C2) + / vi(o)difw)(0) do x Ao
Qs s

+(dis|diz| — di1) - A — o(s) ¥ (s)
3

0 = AN AElE) - A [ diu(o.Gi6) + e = ls)m? ()
i=1 s
0 = —XAfe( )+A1+A2

0 = )\/ sz ) X fe(s)ds — Ay, (0)
+(d03\d02| —do1) - A3 + (dis|diz| — di1) - M

for a.e. s € I. We set fl = /\1, f2 = /\2, ml = (d03|d02’ — d()l) . )\3, m2 = (d13’d12‘ — du) . /\4.
Note that (di3‘di2‘ — dz‘l) S 50(3) fori=1,2.

Let now |I\ I,| > 0 and assume that A = 0. Then Ay = o(s)f"(s) a.e. on I. Since o(s) =0
a.e. on I\ I, we get Ay = 0 and thus o(s) = 0 a.e. on I. Hence m? = 0, A\ = 0, m! = 0, and also
A3 = Ay = 0. But this contradicts the fact that not all multipliers are zero. Similarly we obtain
a contradiction in the other case. Without any loss of generality we can thus take A = 1 in these
cases which completes the proof.

4.2 Proof of Theorem 3.5 and Corollary 3.9

Proof of Theorem 3.5. First we recall a representation of curves v € W?P(I) (1 < p < o)
having constant speed parametrization from [13]. A pair (v, D) is said to be a framed curve
if v € W2P(I,R?) is a curve with constant speed parametrization equipped with a frame field
D : I — SO(3) of class WIP(I,R3*3) such that /(s) = vds(s) for some v > 0 where D(s) =
(di(s)|d2(s)|ds(s)) is the matrix with the orthonormal column vectors d;(s), j = 1,2,3. Thus
we can interpret a framed curve as a curve having an orthonormal frame D(s) attached to each
point y(s) and |y/(s)] = v. Notice that such framed curves are in fact the same structure we
had used for the description of elastic rods but with the special choice of (v, ve,v3) = (0,0,v)
(observe that, in contrast to Section 2 where v had been a vector-valued funcion, here v € R is
just a real number). In analogy to the statement surrounding (2.2) we find that a framed curve
(7, D) uniquely corresponds to an element

w = (u,v,70, Do) € X := LP(I,R?) x (0,00) x R* x SO(3)

with u = (u1,ug2,us) such that
3
<Z uj(s)dj(s)> X di(s) forae. se€l, k=1,23,
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7v'(s) = wds(s) forae. s€l, (4.19)
7(0) = v, D(0)= Dy

(cf. Gonzalez et al. [6], Schuricht & v.d. Mosel [13]).
Clearly, each framed curve (v, D) provides a curve v € W?P(I). The next lemma states
that we also can assign a framed curve (v, D) to each curve v € WP (I) having constant speed

parametrization.

Lemma 4.20 Let v € W*P(I,R?), 1 < p < oo, with |7/(s)| = v > 0 a.e. on I. Then there are
uy,uz € LP(I), 70 € R3, Dy € SO(3) such that w = ((u1, uz,u3),v,v0, Do) € X corresponds to a
framed curve (y[w], D[w]) with v = y[w| for any us € LP(I) via equations (4.19).

The proof proceeds as that in Schuricht & v.d. Mosel [13, Prop. 6] for the case p = cc.
Thus we can reformulate variational problem (3.1) — (3.3) in terms of elements w € X (recall
(2.14)).

E(w) = / ¥ [w](s)|ds = v — Min!, w € X,
Ywl(0) = 0, v[w](l) = 71, ds[w](0) = to, ds[w](1) = ti, (4.21)
0 > Vui(s)24ua(s)2 —wvko ae. on I. (4.22)

Note that the boundary conditions for the tangent vectors are overdetermined, since ds(s) is
always a unit vector. To remove this we choose vectors dj1,d;2 € R3 such that (dj1,djo,t5) €
SO(3), j = 1,2, and replace (4.21) with the following equivalent equations.

gr(w) = Awl(0) =10 =0,  g2(w) = yw|(l) —m =0,
g3(w) = d3[w](0)-dos =0,  ga(w) := d[w](0)-d (4.23)
gs(w) = dsfw](1)-di1=0,  ge(w) = d[w](1) - di2 =

Let now w € X correspond to a solution 7 of the variational problem (3.1) — (3.3) with
constant speed parametrization and note that L[y] = v. In analogy to the beginning of the proof
in Section 4.1 we identify small perturbations (w41, v+, 0 +%0, DoDo) € X of w with elements

(u+ @, v+ 0,9 + 0,a) € LAULR) xRxRExR3 =Y

where Y is a Banach space.
We claim to apply a Lagrange multiplier rule and determine the needed derivatives. Obviously
E(+) is continuously differentiable on Y with

(E'(w),w) = forall weY.

In analogy to (4.1) we obtain (for 1 < p < co) that the mappings w — di[w](s), k =1,2,3,s€ [
are continuously differentiable in Y near w and, with the notation z(s) = z[@,al(s) from (4.2),

we have that
Dy di[w](s)w = z(s) x di[w](s), k=1,2,3, sel
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for all w = (u,v,%p,a) € Y. Therefore w — ~[w](s) is continuously differentiable with

Dyvy[w](s)w = 5o —i—v/osz(a) X dsw](o) do —1—1')/05 dslw](o)do, forall sel, weY.

Hence, all g;(-) are continuously differentiable near w and we readily obtain for all w € Y

gi(w)w = Fo, 1 1

(W) = %+v/0 (o) xdg[w](a)da—i-v/o ds[w] (o) do,
gs(w)yw = (2(0) x ds[w](0)) - dor = 2(0) - do2 ,

ga(w)w (2(0) x d3[w](0)) - doz = —2(0) - do1 ,

gs(w)yw = (2(1) x d3[w](1)) - di1 = 2(1) - da2,

ge(w)w = (2(1) x dzfw](1)) - diz = —2(1) - duy

Condition (4.22) defines a convex set C' C Y and we want to determine the normal cone
Ne(w) of C at the point w € C. Using the notation V (uy, ug, us, v) := \/u$ + u3 — vko we define
the vector n = Z?Zl n;d; with

oV Uy ov Us ov
ni=-—=——, Ngi=-—=—— n3:=_—=>0

’ 2 ) 3
Ouq \/u% + u% Oug \/u% + u% Oug

for \/u? +u3 > 0. Inserting the functions w;(s) on the right hand side we obtain n(s). Note
that |n(s)| = 1, n(s) - ds(s) = n(s) - +'(s) = 0, n(s) - I'"(s) = 0 where I'’(s) is the curvature
vector of curve 7 (recall the arguments after (2.13)). Hence we readily see that n(s) is directed
as v'(s) x I''(s), i.e., n(s) coincides with the (unit) binormal of v at y(s).

The dual space of Y (1 < p < 00) is obviously given by

Y* =LV (I,R*) x R x R® x R?, +4=1.

1, 1
p ' p

Lemma 4.24 Let 1 < p < co. Then w* € No(w) C Y* if and only if there is o € LV (I, R) such
that o(s) > 0 a.e. on I, o(s) =0 for a.e. s satisfying V(ui(s),ua(s),us(s),v) <0, and

1
w* = (u*,v*,7g,a") = (o(n1,n2,n3), —00k0,0,0) where go:= / o(o)do. (4.25)
0
PrROOF . We introduce the convex set
CO = {( ) ERS XR‘ V(ul,ug,U3, <0}

(which is even a cone). Standard arguments show that the normal cone N¢,(@,v) of Cp at
(,9) € R® x R equals {0} for (i,?) € int Cy and cone{(n, —kg)} for (i,) € dCy with ¥ > 0
(cone - cone hull). Hence, if (a,0) € 0Cy with v > 0 and (@ + @, + ©) € Cp, then

(n,—ko) - (@,0) <O0.

For w* from (4.25) we thus have for any @ € Y with w + w € C that

(w*,w) = / an s)ui(s) — kov)ds <0,
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ie., w* € No(w).
Now let w* = (u*,v*, 75, a*) € Y* be any element in No(w). With

1 u2di —uids

n =
2 2
Vuy + uj

we have an orthonormal frame (n(s),n"(s),ds(s)) for each s € I and we can decompose
> ui(s)di(s) = o1(s)n(s) + oa(s)n™(s) + uj(s)ds(s) - (4.26)

If /u?+u2 = 0, then we take n(s) = di(s) and n’(s) = da(s). First we observe that
((u1,u2,13),v,50,a) € C for any uz € LP(I), 50 € R3, @ € R? which implies that u} = 0,
Y =0, a" =0.

Let 10 := {s € I| u1(s) = ua(s) = 0}, 11, itg € L> with 13 (s) = w2(s) = 0 a.e. on I'\ I’. Then
w+w € C for all w = ((@1,u2,0),0,0,0) with |||z sufficiently small. Hence

1
0> (w",w) = / 0111 + 02U ds
0

(note that u}(s) = 0;(s) on I°, j = 1,2). The arbitrariness of i1, itp implies that o1(s) = g2(s) =0
a.e. on I°. Now let

I = {s € I| Jui(s)? + ua(s)2 — vkg < =6} for § > 0.
A simple computation shows that, for 7 < 1,
(u(s),v) + (=7u(s),v) € Co aslongas U+d§>—71(v—20), sé€l;. (4.27)

For § > 0 we thus have w + w € C for all w = (—pu,0,0,0) with p € £L>(I), 9(s) = 0 a.e. on
I\ I5 and ||g||zo sufficiently small. Hence

1
0> (w*,w) = —/ 010\/u3 +u3 ds
0

The arbitrariness of ¢ implies g1(s) = 0 a.e. on Is for all § > 0. Since
{s € I|\/ui(s) +u3(s) —vkg < 0} = U Ly,
keN

we get p1(s) = 0 a.e. on this set. For § = 0 we obtain, by (4.27), that w +w € C for all
w = (—0u,0,0,0) with g € £L>(I), 9(s) > 0 a.e. on I and ||g||z~ sufficiently small. Therefore

1
0> (w*, ) = —/ 010\/u3 +u3ds.
0

The arbitrariness of ¢ implies, combined with our previous results, o1(s) > 0 a.e. on I. Thus
01(s) > 0 implies essentially that s belongs to the set

I, = {s € I| v/ui(s)2 + ua(s)? — vro = 0}

19



where the inequality constraint is active. Analogously as above we now get with variations
W= (—7u, —7v,0,0), 7 € R small, § =0

1
02<w*,7j}):—7'/ gm/u%—i-u%ds—ﬂ)*v:—ﬂ)(/ gmods—i-v*)
0 I

a

and, consequently,
1
vt = —/@0/ 01ds. (4.28)
0

In analogy to (4.27) we get by a further elementary computation that, for all s € I,
(u(s),v) + (T(UQ(S), —ul(s),O),17> €Cy aslongas 0> (V/1+72—1)v.

We choose w = (i, 0,0,0) with 41 = Tgus, i = —7Touy, 0 = signgs, ® = (V1+ 72 —1)v, 7 € R,
and derive as above

1
02(10*,11)):7'/ l02|\/u2 + udds +viv(V1+72—1)
0

By (4.28) we get for 7 > 0

kov(V1+ 72 — 1) /1 7—0
0

1
/]gg u%—i—u%dsg ords — 0
0

T

Hence g3(s) = 0 a.e. on I. Recalling (4.26) we verify the assertion of the lemma. &
As in the previous proof we are now able to apply a Lagrange multiplier rule (e.g., Clarke [3,

Theorem 6.1.1]). Thus there exist multipliers Ag > 0, A\, A2 € R3, A3,..., X6 € R, w* € No(w),
not all zero, such that

6
0 = Xo(E'(w), @) + A1 - gf (w)ib + Ay - gh(w)ib + H_ \ilgi(w), d) + (w*, )
=3

for all w € Y. Specifying all derivatives and using the notation mg := Agdge — A\gdp1, my =
Asdio — Agdi1 we get

1 1
0 = )\[)T)—i-/\l-"v}/o—i-)\g"vyo—i-’u/ (Zng)-)\QdS—i-’D)\Q-/ dsds
0 0
3 1
+2(0) - mo + 2(1) - my + Z/ on; - Ui ds — PokKoD for all w €Y. (4.29)
i=1 70
Using Fubinis theorem we obtain
1 1 s
/ (2 x dy) Nods = / (=00 +/ 2 (0)do) - (ds(s)  ho) ds
0 0 0
1 1 1
= 2(0) / d3 x Ao ds—l—/ / 2'(s) - (d3(c) x Xo)do ds.
0 0 Js

Furthermore

(

1 1
/ dsds = 1(’y(l) -(0)), 2(1) = 2(0) + / 2 ds.
0 0
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Thus (4.29) implies for all w € Y

0 = (Ao + (1) = 7(0)) - X2 — guko) + 70+ (A1 + do)

+2(0) - (mo +m1 + (7(1) = 7(0)) x A2)

1 1
—i—/ 2 (s) - (m1 +/ vds(o) x Ay do + g(s)n(s)) ds. (4.30)
0 s
Recalling (4.2) and choosing special w € Y* we get
0 = Ao+ y(v(1) =(0)) - A2 — oko (4.31)
0 = A+ A, (4.32)
0 = mo+mi+ (7(1) —~(0)) x Ao, (4.33)
1
0 = m +/ vdg(o) X Aado + o(s)n(s) a.e. on I. (4.34)

Since Ag > 0, v = L[|, we recover (3.7) from (4.31) with A := A2. By continuity (4.34) has to be
true for all s € I (with a suitable representative of p). Taking s = 0 and s = 1 we obtain together
with (4.33) that

mo = 0(0)n(0), my1 = —o(1)n(1)
and, therefore,

m0+v/ d3 x Ndo = o(s)n(s) forall sel
0

which obviously equals (3.6). Assume that A = 0 and ¢ = 0. Thus g9 = 0 and, hence, \g = A\ =0
and mg = mq = 0 where the latter implies A3 = ... = A\¢ = 0. But this contradicts the fact that
not all multipliers are simultaneously zero, i.e., A, ¢ cannot both be zero.

o(-)n(+) has to be continuous on I by (3.6) and |n(s)| =1 for all s with p(s) > 0. Hence o(-)
is even continuous on I and n(-) is continuous on the open set 1. Obviously,

o(s) = 1o(0)n(0) + (v(s) = (0)) x A| on I
by (3.6) and |n(s)| = 1 there. Thus

0(0)n(0) + (v(s) —(0)) x A
o(s)

i.e., o is continuously differentiable on I,. Since the left hand side in (3.6) is continuously

d(s) = ((¢(s) x A) on L, (4.35)

differentiable, we conclude by standard arguments that also n has to be continuously differentiable
on I;. Moreover, the right hand side in (4.35) and the left hand side in (3.6) have a derivative a.e.
on I;. Consequently, ¢”(s) and n”(s) exist a.e. on I.. This way we have verified the theorem.

Proof of Corollary 3.9.

(a) If A = 0, then o(s)n(s) = p(0)n(0) for all s € I. Since p # 0 in that case and since
In(s)] = 1 where o(s) > 0, we conclude that n(s) = n(0) # 0 and o(s) = o(0) # 0 for all s € I.
By d3(s) - n(s) = 0 we get that the curve is planar. Furthermore we always have that x(s) = Ko.
Since n(s) is constant, also the curvature vector v%I‘”(s) has to be constant which means that
v(I) is a planar circular arc.
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(b) If I\ I+ # 0, then X # 0 by (a) and, by (3.6),
(v(s) =7(0)) x A= —p(0)n(0) forall se I\ I;.

Since the right hand side is constant, all v(s) satisfying the previous equation belong to a uniquely
determined line £ in R? parallel to A and vice versus. Note that o(s) = 0 on straight segments of
~(I) and at s where n is discontinuous.

(c) Note that A # 0 in that case by (b). Subtracting (3.6) with s = § from (3.6) we get

(v(s) —v(8)) x A= o(s)n(s) on I. (4.36)

Hence, n(s)- A =0 and n/(s) - A =0 on (s1, s2). By the Frenet formulas,

F//(S)
7 (s)]

n'(s) = —7(s) on (s1,s2)

(7 - torsion). Thus 7(s)I"(s)-A = 0. If 7(s) # 0, then n(s) and I'”(s) have to be orthogonal to A
and, whence, 7/(s) is parallel to X\. Therefore, by (4.36), 0 = +'x X\ = ¢'n+on’ at that point s. The
dot product with n(s) yields ¢'(s) = 0 and, thus, n(s) = 0 contradicting 7(s) # 0. Consequently,
7(s) = 0 on (s1,s2). Hence 7([s1, s2]) is planar and, since n(s) and k(s) are constant, it has to
be a circular arc.

(d) If the curve ~y(I) contains a straight segment ~([si,s2]), s1 < s2, then A\ # 0 and
v([s1,82]) C £ by (b). Let now v(sg) & ¢ for some sy < s1. Then there is a smallest § € (sg, $1]
with v(§) € £. We have o(5) = 0 by (b) and 7([so, §]) is a planar circular arc by (c¢). We now
observe that a composition of consecutive planar circular arcs having all the same curvature g
intersect ¢ always at the same angle. Since such arcs have always the same length, there are only
finitely many of them. In particular, a circular arc next to the straight segment has to intersect
{ tangentially. But such an arc has only one intersection point with ¢ and, by the minimality of
length, v can “pass” a full circle at most once, i.e., y([0, s1]) can have at most one circular arc.
Applying the same argument also on [s2, 1], we obtain the first assertion. This result certainly
excludes minimizing curves having two disjoint separated straight segments.

5 Appendix

The results in Schuricht & v.d. Mosel [10] can be used to study the dependence of the solutions
of the differential equation (2.3) on the parameter u for u € £°(I), but we need it for u € LP(I)
with 1 < p < o0o. Here we present a version adopted to our special situation.

Let f: M C R" x R™ — R", M open, be continuous and let I C R be an open bounded
interval. For given 7 € I, £ € M, u € LP(I,R™), 1 < p < oo we consider the initial value problem

a'(t) = fa(t),u(t), =x(r)=¢. (5.1)

Notice that this differential equation has to be interpreted in the sense of Caratheodory, since the
right-hand side is merely measurable in ¢ (cf. Walter [16]). We are interested in the differentiable
dependence of x(t) = x(t; £, u) on the parameters (£, u).
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Let 7 € I, € € M, and @ € £P(I) be fixed. For suitable open balls Bs(£) € M and Bj(@) C
LP(I) we assume that there is some ¢ > 0 such that

|f(z,u)| < |u| forall z € Bs(§), ueR™, (5.2)
[Flw,u) = fly,w)] < clul lo —y| forall 2,y € Bs(€), ueR™, (5:3)
|f(z,u) — f(z,0)] < clu—wv| forall z€ Bs(), u,veR™. (5.4)

Theorem 5.5 Let the continuous function f satisfy (5.2) - (5.4) with 1 < p < oo. Then there

is some open interval J C I, 7 € J, such that for each (§,u) € Bj/5(§) x Bs() there is a unique
solution x = x(t;€,u) on J of (5.1). Furthermore, the mapping (t,&,u) — x(t;&,u) is continuous

on J x Bso(§) x Bs(a).

The proof is a straightforward adoption of the proof of [10, Theorem 1.1].
For differentiable dependence we assume in addition that f is continuously differentiable and
that there is some constant ¢ > 0 such that

[fo (@, w)E] + [ fulz, w)a| < c(ful 2] + |a]), (5.6)

|(fe(@,u) = faly, w)Z| + | (ful®, w) = fuly, w))a| < cle—y| (jullZ] + |a]) (5.7)

for all x € Bs(§), # € R™, u,u € R™. We use the notation w = (§,u) € Bs(§) x Bs(a).

Theorem 5.8 Let the continuously differentiable function f satisfy (5.2) - (5.4), (5.6), (5.7) with
1 < p < oo. Then the solution x = z(t;&,u) of (5.1) according to Theorem 5.5 is continuouusly
differentiable with respect to (t,&,u) on J x 35/2(5) x Bgs(u). The derivative with respect to
w = (& u) is given by

t

Dz (t; w)w = £+/ (fx(x(s;w),u(s))Dwx(s;w)w + fu(z(s; w),u(s))d) ds

for all w = (§,4) € R™ x LP(J). Moreover

d 5 d gy
%Dwaj(t, w)Ww = Dy, (ix(t, w))w

fora.e. t € J and all w = (§,u) € B(;/Q(é) x Bs(@), w = (€, 1) € R x LP(J).

The proof is a straightforward modification of the proof of [10, Theorem 2.1, Corollary 2.2].
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