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Abstract

The paper studies differential equations of the form u/(z) = f(z,u(x), A(z)), u(zo) = wo,
where the right hand side is merely measurable in z. In particular sufficient conditions for the
continuous and the differentiable dependence of solution u on the data and on the parameter
A are stated.



1 INTRODUCTION 4

1 Introduction
In many applications we are confronted with ordinary differential equations of the type
ul(w) :g(x,u(as),)\), U(J?()) = uo,

where the right hand side depends on a parameter A\. Here the dependence on the data and
on the parameter ) is a fundamental task which is usually studied in the classical sense, i.e.,
the function g(-,-,-) on the right hand side is assumed to be at least continuous in all of its
arguments (cf. Coddington & Levinson [1], Hestenes [2], Walter [7]). It turns out that this is
too restrictive for several applications. In particular certain problems for elastic rods lead to
equations of the type

W () = fla, (@), Mx),  ulzo) = o,

where A : I C R — R™ is a parameter function that is merely measurable. Thus the right
hand side is merely measurable in x and the differential equation has to be considered in the
sense of Carathéodory. While general existence results for that type of problem are available in
the literature (cf. Walter [7]), results about the dependence of the solution on the parameter
seem to be quite rare. The case of parameters A € R", which is contained in Kurzweil [3], is
insufficient for the intended applications. For A\ € L°(I) the problem is covered by the general
results in Schuricht & v.d. Mosel [5] which are applied to the investigation of self-contact for
nonlinearly elastic rods in Schuricht & v.d. Mosel [6]. However, for further applications, it is
necessary to consider also the case A € LP(I) with 1 < p < oo (cf. Schuricht [4]). In the present
paper we study a general situation which is sufficient for the desired applications. In particular
we study both the continuous dependence and the differentiable dependence of the solution u
on the data and on the parameter. While the continuous dependence is considered in Section
2 and includes the case p = 1, the differentiable dependence is investigated in Section 3. Let
us still mention that a special case of the present results is already announced and applied in
Schuricht [4] where, however, Theorem 5.8 is only valid for p > 1 and the ¢ in the theorems
might be smaller than that in the assumptions.

Notation. The closure of a set A is denoted by cl A and |a| stands for the norm of a vector
a € R". We write C(I) for the space of continuous functions on I. The Lebesgue space of
p-integrable functions is denoted by LP(I) and L¥' (I) with % + % is its dual. gj; denotes the
restriction of the function g on 1.

2 Continuous dependence on the data and the parameter
We consider an initial value problem for ordinary differential equations of the form

' (z) = f(x,u(x),\(z)) forae. xeJ ulxg)=uo, (2.1)

which depends on a parameter A and where the right-hand side is merely measurable in the
argument x € R. In this section we show existence and uniqueness of a solution v and continuous
dependence of the solution on the initial data and the parameter.
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Let f: Jx K xR™ — R"™ be a mapping where K C R" is open and J C R is an open bounded
interval. Moreover, let xg € J, up € K, and A € LP(J,R™), 1 < p < co. We assume that f is
a Carathéodory function, i.e., (u,\) — f(x,u,A) is continuous on K x R™ for a.e. = € J and
x +— f(x,u,\) is measurable on J for any (u, \) € K x R™. Consequently, z — f(x,u(x), \(x))
is measurable on J for any A € LP(J) and any v € C(J) with u(J) C K. Thus the right-
hand side of (2.1) is merely measurable in z and we have to consider solutions in the sense of
Carathéodory, i.e., we are looking for solutions u that are absolutely continuous. In particular
we are looking for local solutions on suitable subintervals I C J.

For our further analysis we fix € J, @ € K, A € LP (J,R™) and we choose ¢y > 0 such that

Ji=Bs,(3) CJ, K:=clBs(it)CK. (2.2)
We assume that there exists a constant ¢y > 0 such that for a.e. x € J
(f1)  |f(z,u, )| < co(1+|NP)  forallu e K, X € R™,
(£2)  |f(z,u,N) — f(z,0,0)] < co(L+ |AP) |lu—v| for all u,v € K, A € R™,
(£3)  |f (2 u, A) — f(m,u, )| < co(|A— | + A —pP)  forallue K, A\ ueR™

In the case p = co we assume (f1)-(£3) with some exponent ¢q € [1,00) instead of p.
We claim to verify solutions of (2.1) on some open interval

I" := B,(Z) C Bs,(Z)
with some suitable p > 0 and for initial values and parameters satisfying
zo €I*, wg € K* 1= By, (i), A€ A :=By:(\) C LP(I*,R™)
with some &G € (0,dp]. Obviously f(-,u(-),A(:)) € LISI*) for A € LP(I*) and u € C(I*) with
u(I*) C K by (f1). Therefore v € C(I*) with u(I*) C K solves (2.1) on I* if and only if it solves

u(z) = up + /x f(s,u(s),A(s))ds forall x € I*. (2.3)

Let u(x; xg, up, ) denote the solution of (2.1) for initial values (xg,ug) and parameter \.

Theorem 2.4 Let 1 < p < oo and let f satisfy (f1)-(f3). Then there exists some p > 0 with
I* = B,(&) C J and some & € (0,00] such that for each (zo,up, \) € I* x K* x A* there exists
a unique solution u(-;xg,up, \) of (2.1) on I* and u € C(I* x I* x K* x A* R").

As preparation for the proof we start with some preliminary considerations. Notice that the
case p = oo, which we do not treat explicitly, is covered by replacing p with ¢ in the exponents.
First we choose ¢35 > 0 such that

. ) 50 1/p 1 1/p
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Then we choose ¢ > 0 so small that

~ o [do o 1
P P ds < o % - b
o+ . IA(s)|P ds < min { 4’400’400}

Consequently,
/ (14 AP)ds < 2g+/ A=)+ [Pds
* I*

2g+zp—1/ (1A= A+ [A) ds
I*

IN

< 2@+2p1<6§)p+/ AIP ds
I*
s 1
< min {2000 200} for all A € A*. (2.5)

Now we introduce the Banach space
C":={ueCI" xI"x K* x A*,R")| ||lul|,, < oo}

with the norm

[uf| o = sup |u(z; 20, u0, A)| -
(z,20,u0,\) € [* X I* X K* X A*

In order to exploit conditions (f1)-(f3), we are in particular interested in u € C* belonging to
the closed subset

C = {u € C*[u(z; 20,10, \) € K for all (z,z0,up,\) € I* x I* x K* x A*}. (2.6)

We define an operator 1" on C}'i( such that Tu : I* x I* x K* x A* — R"™ and

(Tw)(z; xo, up, A) 1= up + /m f(s,u(s; o, up, A), A(s)) ds (2.7)

for all (z, xo,up, \) € I* x I* x K* x A*. The next lemma verifies properties of T" that allow the
application of Banach’s fixed point theorem below.

Lemma 2.8 Let T be given as in (2.7). Then:
(1) Tu € C* for all u € C%...
(2) We have that

1
|Tu—Tvl|,, < 5 |u—vll forall u,v € C. (2.9)

Proof. Let us start with (1). The mapping Tu : I* x I* x K* x A* — R™ is well-defined for all
u e Cp by (f1). In order to show continuity of Tu(-) we fix u € C%. Using the abbreviations

(x,v) = (z,x0,u0,A) and (Z,7) = (T, To, Ug, A) for elements in I* x I* x K* x A* we obtain by
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(f1)-(£3) that

|Tu(x; xo, uo, ) — Tu(z; Zo, v, 5\)]

(s5v),A(s)) ds — _xf(s,u(s;ﬂ),ﬂ(s))ds‘

DA s — [ (s, u(s57), M(5) ds

/fsusz/ ))ds — fsusy ), A(s))ds

< (f(s u(siv), Ms) — fs,u(5:7). A(s))) ds|
fsusu ) ds fsusu)/_\(s))ds‘
< |u (s; M(S))—f(s,U(S;V),X(S))IdS‘
] [ 1760 (509,280 = 165,70, 30 ds]
#] [ 165 7). Mo s 7). \(3))] ds|
< o — o] + o / (\)\(5)—5\(5)|+|)\(5) —5\(5)|p> as
veo [0+ o)~ u(esp)las
+ oo L:O(1+A(s)\p)ds]+co /:(1+]/\(s)]p)ds‘. (2.10)

By the continuity of u(z;-) the right hand side tends to zero if (z,xg,ug, A) — (&, Zo, g, \) in
I x I x K* x A*. But this implies that Tu € C* and verifies assertion (1).

In order to show (2) we choose u,v € C%. By (f2) and (2.5) we can estimate for every
(x,z0,u0, A) = (z,v) € I* x I* x K* x A* that

|Tu(x; xo, uo, \) — Tv(x, z0, ug, A)|

IN

JA(s)) — f(S,U(S;l/),A(S)Nds‘

IN

€o

/ (1+ )P (s ) — v(s:)] ds|

zo

IN

o llu — oo / (14 [A(s)[?) ds
I*
1

5 = leo.

IN

Taking the supremum over all (x, zg, ug, \) € I x I* x K* x A* on the left-hand side, we obtain
the contraction property (2.9). O
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Proof of Theorem 2.4. By Lemma 2.8 we know that T": C';. — C*. By (f1) and (2.5) we obtain
that

| Tu(x, xo, uo, A) — ug| = ’/ f(s,u(s;zo, up, A), A(s)) ds
zo

< [ @R
<%
-2
for all (x, zg, up, \) € I x I* x K* x A*. Hence T : (% — C. The operator T is contractible on

C’;i{ by Lemma 2.8. Since C}{ is closed in C*, the operator T" has a unique fixed point u € C;i(
by Banach’s fixed point Theorem, i.e.,

u(x; To, uos ) = o +/ f(s,u(s; 2o, uo, A), A(s)) ds
To

for all (x, zg,up, A) € I* x I* x K* x A*. Obviously u(+; zg, ug, A) uniquely solves (2.1) according
to (2.3). Moreover u € C* = C(I* x I x K* x A*,R"™) by construction. Notice that the case
p = oo is covered by the previous arguments. O

3 Differentiable dependence on the parameter
In this section we consider situations in which the solution u of
' (z) = f(z,u(x),N(z)) forae. xeJ, ulxg)=uo, (3.1)

is continuously differentiable with respect to the initial data and the parameter. Since the right
hand side is again merely assumed to be measurable in x, we are looking again for solutions
that are absolutely continuous in z. Thus we cannot expect a continuous derivative of u with
respect to x and xg. Hence we study differentiability of u only with respect to ug and A.

Let f:Jx K xR™ — R" be a Carathéodory function as in the second paragraph of the
previous section. Moreover, let (u, \) — f(z,u, \) be continuously differentiable on K x R™ for
a.e. © € J. As in the previous section we fix z € J, a € K, \ € LP(J,R™) and we define J, K
as in (2.2) where, however, we here restrict our attention to 1 < p < co. In addition to (f1)-(f3),
we assume that for a.e. z € J and all u,v € K, A € R™

(f4) [fulz,u, )| < co(M+[AP),  [falz,u, N)] < co,

<f5) ‘fu(xvua )‘) - fu(xvu)‘)‘ < Co(l + ’)\’p) ”U, - U‘ ) ’f)\(xauv /\) - f,\(.f,?),)\)| < CO”U’ - U’ :

In the case p = co we assume (f4), (f5) with some exponent ¢ € [1, 00) instead of p.
Again we consider solutions of (3.1) on I* := B,(&) C J, where p > 0 is not yet specified,
and we take into account

zo € I*, wg € K* 1= By jo(i), A€ A" :=Bs:(\p) C LP(I*,R™)
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for some 0 € (0,80). For A € LP(I*) and u € C(I*) with u(I*) C K we now not only
have f(-,u(-),A(:)) € LY(I*) but also fu(-,u(-),A(-)) € LYI*,R™™) and fr(-,u(-), () €
Loo(I*,R™ ™) by (f4). As before u(.; zg, ug, A) denotes the solution of (3.1) for the data (zo, ug, A)
and Dy, yyu(-) denotes the derivative of u with respect to (uo, \).

Theorem 3.2 Let 1 < p < oo, let f satisfy (f1)-(f5), and let u = u(-;zg,up, \) be the unique
solution of (3.1) according to Theorem 2.4. Then, with some possibly smaller o and &5 than in
Theorem 2.4, the solution u : I* x I* x K* x A* — R" is differentiable with respect to (ug, \) on
K* x A* for all z,z0 € I*. The derivative Dy, \yu(;-,-,-) is continuous on I* x I* x K* x A*
and

T

D (o, nyu(z; w0, u0, A) w = wy +/ (fu(s,u(s;xo,uo,/\),)\(s))D(UO)\)u(s;xo,uo,)\)w

o

+ f)\(S,U(S;xo,U/[),)\),)\(5))'[02(5)) ds (3.3)

for all w = (wy,wy) € R™ x LP(I*,R™). Moreover, for all (xg,up,\) € I* x K* x A* and
w = (wy,wy) € R" x LP(I*,R™),

d

d
%D(UO’)\)U(JU; 70, U0, A) W = Dy 3 (—u(x, xo, Ug, /\)) w (3.4)

dzx

for a.e. x e I*.

The only point in the proof of the theorem where the dependence on zy has to be considered
explicitly is the continuity of D(,, »yu(:). But for that we have to argue the same way as with
respect to . Therefore we suppress the dependence of v on g in the subsequent considerations
and we merely consider u = u(x;ug, A). We also use the abbreviation v = (ug, \) for elements
in K* x A* and we write Dyu(-) for Dy, yyu(:).

As preparation for the proof we again start with some preliminary considerations. The case
p = oo is covered by replacing p with ¢ in the exponents. We choose d; > 0 such that

. . 50 1/p 1 1/p

Then we choose ¢ > 0 so small that

’ ~ 3 50 50 1
92 20)1/P )P ds < 00 -
0 0"+ [ 1RGP ds < min {0

where we have to use p’ = 1 in the case p = oo. In particular we assume that d§; and g are not
larger than taken in the previous section. Instead of (2.5) we then have

do 1
p < mi - * .
/*(1+\)\])ds_m1n{1600,1600} for all A e A (3.5)

Analogously to the previous section we define the Banach space

C*:i={ue C(I" x K* x A*\R")| ||ul|oo < o0},
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|l oo = sup lu(z; V).
(z,v)€ I* X K*xA*

In addition we introduce the Banach space
Ct:={UeC(I*x K*x A*, L(R" x LP(I*,R™),R™))| |U]|o0 < o0},

[Ulloo == sup U (@5 V)| Lrn Lo (1 R R -
(z,v)€ I* X K* x A*

Recall that

|U(z; V)|l L(rn xc Lo (1), R7) = sup U (x;v) w,
lwllzn x Lp(r+) <1

Wl prre) = lwi| + [lwallppr+)  for w = (w1, w2) € R" x LP(I*,R™).

Moreover we consider the space
O ={ue C* | DyueCr},  |lullioo = l[ullo + | Dytlos -

Lemma 3.6 The space C™* is a Banach space.

Proof. Obviously C'* is a linear normed space and it remains to verify completeness. Let
{un,} € C* be a Cauchy sequence. Then there are u € C* and U € C* such that u, — u in
C* and Dyu,, — U in CL. For any (z,v) € I* x K* x A*, w € R® x LP(I*,R™), and ¢ € R with
v+tw e K* x A* we have that

t
Un(x; v + tw) — up(x;v) = / Dyup(z;v + sw)wds
0

t t
= / (Dl,un($; v+ sw)w—U(z;v+ sw)w) ds + / U(z;v+ sw)wds.
0 0
In the limit we get
t
u(z; v+ tw) —u(z;v) = / U(z;v+ sw)wds.
0

Since the right hand side is differentiable in ¢ and U(z;v) € L(R™ x LP(I*,R™),R"), we
conclude that u(z;-) is Gateaux differentiable at v with Dyu(x;v)w = U(z;v)w for all
w € R™ x LP(I*,R™), i.e., Dyu(z;v) = U(z;v) for all (z,v) € I* x K* x A*. Since U(+;-)
is continuous, D,u(z;v) is even a Fréchet derivative and v € C**. Thus D,u,, — D,u in C
and, hence, u,, — u in C. O

In order to exploit conditions (f1)-(f5) we are particularly interested in u belonging to
CE = {u e C™ u(z;up,\) € K for all (z,u,\) € I* x K* x A*, |[Dyulls < 2}.

Obviously, C’}(* is a closed subset of C''*. From the previous section we know that any solution
u of (3.1) is a fixed point of the operator T given by

(Tu)(z;v) == up + /z f(s,u(s;v), A(s))ds (3.7)

for all (x,v) = (z,up,A) € I* x K* x A*. The next lemma provides differentiability properties
of the mapping v — Tu(z;v).
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Lemma 3.8 For T according to (3.7) we have that Tu € C** for all u € C}(* and

D,Tu(z;v)w = wy + /x fu(s,u(s;v), A(s))Dyu(s; v)w + fia(s,u(s;v), A(s))ws(s) ds

for all (x,v) = (x,up,\) € I* x K* x A* and w = (w1, w3) € R™ x LP(I*,R™).

Proof. By Lemma 2.8 we know that Tu € C* for any u € C}(*. Thus we have to study
the differentiability of v +— Twu(z;v). For that we fix u € C’}(*, v = (ug,\) € K* x A*, and
w = (wy,wz) € R™ x LP(I*,R™) and consider the function

T

a(o) :=Tu(z;v + ow) = ug + owy + / (f(s, u(s;v + ow), A(s) + Jwg(s))) ds (3.9)

Zo

for small o € R with v + ow € K* x A*. Since f(z,-,) is continuously differentiable for a.e. x
and since u € C, the integrand on the right-hand side is differentiable with respect to o for
a.e. s € I* and, by (f4), we can estimate

% f(s,u(s; v+ ow), A(s) + owa(s))
= |fu(s,u(s; v + ow), A(s) + owa(s))Dyu(s; v + ow)w
+ Ma(s,uls; v+ ow), A(s) + owa(s))wa(s)]
| fu(s,u(s;v + ow), A(s) + owa(s))Dyu(s; v + cw)w|
+ (s, uls;v 4 ow), A(s) + owa(s))wa(s)|

o (14 I\(3) + owa(5)P) 1Dyl 0l o + 205 (3.10)
o (1+ 271G + w2(5)”)) 1Dyl 10l + 2 (5)])

IN

IN

IN

for a.e. s € I* as long as |o| < 1. Thus the derivative on the left-hand side is bounded by an
integrable function. Hence we can differentiate under the integral in (3.9) (cf. [8, p. 1018]) and
obtain a linear operator A : R" x LP(I*,R™) — R" with

T

Aw = O/(O) =w + / (fu(57u(s; V)v )‘(S))Dvu(*g; V)w + fA(S?u(s; V)7 A(S))w2(8)> ds

o

for all (z,v) = (z,ug, \) € I" x K* x A* and w = (w1, wz) € R" x LP(I*,R™). Using (3.10) with
o = 0 we obtain that

Aw| < ] + o /I (AP 1Dl 0o o + a(s)]) ds
< ewllgeszr + coll Dutlloollwllznx 1o / (14 A(s)P) ds + ¢ / jwa(s)| s
I* I*
< wllges g (14 co [1Dyull, 20+ [INE,) + @)

for some ¢y > 0. Hence A € L(R™ x LP(I*,R™),R™). Thus D,Tu(z;v) = A is the Gateaux
derivative of Tu(z;.).
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It remains to show that (z,v) — D,Tu(z;v) is continuous on I* x K*x A*. For that we choose
a sequence (Zp, V) = (T, Uon, An) C I*x K*xA* converging to (z,v) = (x,ug, \) € I*xK*xA*.
Using (f4) and Hoélder’s inequality we can estimate
|D,Tu(x;v)w — DyTu(x,; vy)w|
< |D,Tu(z;v)w — D, Tu(xy; v)w| + |DyTu(xn; v)w — DyTu(z,; vp)w|

/: (fu(s,u(s; V), A(s))Dyu(s;v)w + fr(s, u(s;v), )\(s))wg(s)> ds

<

_ /:n (fu(s,u(s; v), A(s)) Dyu(s; v)w + fa(s, u(s; VV‘(S))W(S)) ds ‘

+

/:n (fu(s,u(s; V), A(s))Dyu(s;v)w + fr(s,u(s; V),)\(s))wg(s)) ds
_ /”C" <fu(3’u(8; Un), An(8))Dyu(s; vp)w + fia(s, u(s; Vn),)\n(s))wg(s)> ds ‘

IN

/x fuls,u(s;v), A(s)) Dyu(s;v) w + fa(s,u(s;v), A(s)) wa(s)|ds ’

+

/ (]fu(s, u(s;v), A(s)) Dyu(s;v)w — fu(s,u(s;vn), An(s)) Dyu(s; vy,) w)

Zo

(s, (), M) was) = Fa(s,ulsiva), A(s)) wa(s)]) ds |

/:v | fu(s,u(s;v), A(s)) Dyu(s;v) w] + | fa(s,u(s;v), A(s)) wa(s)|ds ‘

IN

+/1* [(fuls,u(s;v), A(s)) = fuls,u(s;vn), An(s))) Dyu(s; v) wlds
+/]* | fu(s,u(s;vn), An(s)) (Dyu(s;v) — Dyu(s;vy))w|ds

+/ [(Fa(s,uls; ), A(s)) = Fa(s, uls; vn); An(s))) wa(s)| ds
g

IN

o [ 1+ POPID s 0] + fuz()] ds
1Bl ). 0(5) = s u(5502): M) oy [ Do) s
+ co /I*(l + | An(8)|P) [(Dyu(s; v) — Dyu(s;vp))w|ds

+/1* [Fa(s,u(s; ), A(s)) = Fa(s, uls; vn)s An(8)) | pgm gy [w2(s)] ds

IN

€T
col| Dy tt]|oo [|wl[rnx Lr / (14 A)P) ds | + collwz | polar — 2|77
Tn

+ [ Dyullsolwllzr 2o / Ul (0, M) = fuls, 055 00), An(5)) | gy s

+Co|!w||Rnpr/I (L4 [Aa(8)P) [[Dyuls; v) = Dyu(s; va) || L@n xor meny s

1
Y

sl o ( [ 153 M5) = 50551, 5D g e ds)
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Taking the supremum over all w € R"™ x LP(I*,R™) with ||w||gnxzr < 1 we obtain

1Dy Tu(a; v) = Dy Tu(n; vi)l| @ s Lp (1+ o) rmy

< collDule| [ (14 PP ds [+ cofe - a0 (3.11)
F D [ Ul o5 A6 — Rl ulsin) gy @5 (312

+ CO/I (1 4+ [An(9)|P) [[Dyu(s; v) — Dyu(s; Vn)HL(RnXLpJRn) ds (3.13)

([ 1l 26) = Ssulsim) M gy @5) 319

Let us now show that the right-hand side tends to zero for (x,,v,) — (z,v). This is immediately
clear for the two terms in (3.11). Since A, — A in LP(I*), for a subsequence (denoted the same
way) we have \,(s) — A(s) for a.e. s € I*. If we use that u € C'*, then we get that the
integrands in (3.12)-(3.14) converge to zero for a.e. s € I*. By (f4)

[fuls, uls; ), A(s)) = fuls, uls; vn), An()) | Ln oy < co(2 4 [A(8)[” + [An(s)[?)

and
|fx(s,uls;v), A(s) — fa(s,u(s;vn), An(s)) Iz(Rvan)
< 2 (|l A gy + a5 0552 M o)) < 2
for a.e. s € I*. Moreover
(L4 [Au(8)IP) 1 Dyu(s;v) — Dyu(s; Vn)HL(]RnxLP,R") < 2[|Dyufloo(1 + [An(s)[P)

for a.e. s € I*. Since A\, — X in LP(I*), the generalized dominated convergence theorem yields
the desired convergence in (3.12)-(3.14) at least for a subsequence. Notice that our previous
arguments also show that any subsequence of (z,,v,) has a subsequence (x,,v,/) such that
D,Tu(xy;vy) — DyTu(x;v) as n’ — oo. This subsequence principle implies the convergence
for the complete sequence (z,,v,,) which verifies the continuity of D,Tu(-;-), i.e., u € C** and
the proof is complete. O

Lemma 3.15 For T according to (3.7) we have that
3
Tu e C}{* and [|[Tu—Tv|1,00 < ZHU — U100 forall u,v e C’};‘.

Proof. Let us fix u,v € C}(*. We know that Tu € C'* by Lemma 3.8 and T'u, € C;i( by the proof of
Theorem 2.4. In order to show that ||D,Tul|~ < 2 we use (f4), the representation from Lemma
3.8, and Holder’s inequality and estimate for (z,v) € I* x K* x A* and w € R" x LP(I*,R™)

< furl+ [ (uls.ulsi) A Duasiv)ul + (s, ulss ) A)ua(s)) ds

Zo
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T

IN

Juwllencar +co [ (14 PP IDoulsiv)ul + ua(s)]) ds

o
T

[w[rnx o +00HwHRnpr/ (L4 [A)P) 1Dvuls; V)| imrn x Lr oy ds

z0

IN

+ collwal| e (20)"”

The supremum over all w with |w|gnxre < 1, relation (3.5), the properties of p, and
IDyulloo < 2 give

1

D,T n ny <1 ( D 7) =2
ID,Tu(@; V)l xirpe) < 1+ co{ I Dvulloo -+ 55 ) <

The supremum over all (z,v) € I* x K* x A* implies ||D,Tu|lo <2 and, thus, Tu € C’};‘.
For the contraction property we carry out a similar estimate as in the previous proof. Using
(f4) and (f5) we obtain for (z,v) € I* x K* x A* and w € R™ x LP(I* R™)

|D,Tu(z;v)w — D, Tv(z;v)w|
< / fu(s,u(s;v), A(s))Dyu(s;v)w + fa(s,u(s;v), A(s))wa(s)
—fu(s,v(s;v), A(s))Dyv(s;v)w — f)\(s,v(s;u))\(s))wg(s)> ds‘

< / v),A(s)) — fu(s,v(s;y),)\(s))) Dyu(s;v)wds
(s,v(s;v), A(s ))(D,,u(s; v) — Dyu(s; 1/)) wds ‘
+ /ﬁ (s, uls:v), M) = fals, 050, A(5)) ) wa(s) ds (

< / “(1 4 NP [uls:v) — o(s: )| | Dyuls; v) w] ds

o

+ ¢ /m(l +|A(s)P) ‘(Dl,u(s; v) — Dyu(s; V))w’ ds

Zo

+o / Ju(s:0) — v(s; )] [wa(s)) ds

< collt— vllos / (14 IA()PP) [ Duu(s; )| ey 0l e s

Zo

T
+60/ (L + AP | Duuls; v) = Dov(s; v)l n e rry [[w]lrn < 2o ds

zo

+ collu — v||oo||w||Rrx Lr | — $0\1/p/ )

Taking the supremum over all w € R"™ x LP(I*,R™) with ||w||gnxzr < 1 we obtain
| Dy Tu(x;v) — D, To(x; V)HL(]R"XLP,R")

< co (Dol +1) [ (14 AP ds+ (2007 ) Ju = o] (3.16)

o

T
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Taking the supremum over all (z;v) € I* x K* x A* and using (3.5), the properties of p, and
the definition of C}(*, we get

3 1 1
D70~ Dol < e (g + g0 ) = vl < = vl

By Lemma 2.8 we have that
1
ITw = Tolloo < 5 llu = vll1e0
which implies the assertion. O
Proof of Theorem 3.2. Using Lemma 3.8, Lemma 3.15, and Banach’s fixed point theorem, we
obtain a unique fixed point u € CIL{* of the operator T' defined in (3.7). Thus u = u(+; ug, A) is a
unique solution of (3.1) on I* for all (ug, A) € K* x A* (recall (2.3)) and, consequently, u has to
agree with the solution verified in Theorem 2.4. By u € C* the mapping (ug, A) — u(z; ug, A) is

continuously differentiable and (x, ug, A) — D,u(x;up, \) is continuous. Since u is a fixed point
of T', we can differentiate the identity T'u(z; ) = u(z;v) with respect to v and obtain that

D,Tu(z;v)w = Dyu(z;v)w

for all (z,v) € I* x K* x A*, w € R" x LP(I*,R™). Now we can derive (3.3) directly from
Lemma 3.8.

For fixed v € K* x A*, w € R" x LP(I*,R™) the right hand side in (3.3) is absolutely
continuous in x and, thus,

% Dyu(z;v)w = fu(z,u(z;v), AN(z))Dyu(z; v)w + fa(z, u(z;v), AM(z))ws(z) (3.17)

for a.e. x € I*. Since f(x,-,-) and u(zx;-) are continuously differentiable, we readily obtain that
Dy f(a, u(z;v), Mx))w = fula, u(z; v), (@) Dyu(; v)w + fa(z, u(@; v), A(z))ws(z)  (3.18)

for a.e. © € I'*. From the differential equation (3.1) we now see that D,,(%u(:n; v))w exists and
equals the right hand side in (3.18). Recalling (3.17) we get (3.4) which completes the proof. O
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