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     Microscale versus        macroscale

● Different models on different scales

● Emergence of effective properties

● Loss of microstructural details through „averaging“

yellow square 
on a white 

background



Microstructures are everywhere



grain structure
@CLEMEX.COM

brass (a metal alloy)

Microstructures are everywhere

nautilus shell (nacre)
@Zawischa ITP Hannover

@F.Heinemann (Wikipedia)



metal alloy
@CLEMEX.COM

rubber
@wikipedia.com

meta material
@wikipedia.com

shape memory alloy
@ Chu & James

Microstructures dominate
the effective behavior 

of many materials

Microstructures are everywhere



Origin of microstructures?

Connection between microstructures and macroscopic 
properties?
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(multiscale-) analysis

homogenization of PDEs

Origin of microstructures?

Connection between microstructures and macroscopic 
properties?



… many links within mathematics

(multiscale-) analysis

PDEs

calculus of variations

probability theory modelling

      numerical analysis

 simulation

homogenization of PDEs



Homogenization 



Homogenization 
● composite with phases
● periodic microstructure

two length scales
● microscale            period of the microstructure
● macroscale             e.g. diameter of test volume 



Homogenization 
● composite with phases
● (periodic) microstructure

two length scales
● microscale            period of the microstructure
● macroscale             e.g. diameter of test volume 

Paradigm of homogenization:

If  then:

(1)  composite                                    
effective medium

(2)  



PDE-modell for a microstructured material



PDE-modell for a microstructured material



PDE-modell for a microstructured material



PDE-modell for a microstructured material



a numerical investigation



a numerical investigation

one-dimensional heat conducting rod 



a numerical investigation

one-dimensional heat conducting rod 
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microstructured, periodic, two-phase material
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How to phrase this in the language of mathematics?



Theorem (Homogenization Gold Standard)

[Spagnolo, Bensoussan, Lions, Tartar, Papanicolaou & Varadhan, Kozlov, ...]

How to phrase this in the language of mathematics?



[Andreas Kunze]

numerical illustration (two dimensional problem)



corrector equation

formula for 

two-scale expansion



Homogenization formula yields 
not a simple average

2 phase material

isotropic anisotropic



in dimension  

(harmonic mean)

special case: 2-phasen material

(Simple) implications of the homogenization formula

Hashin-Shtrikman Bounds 



Beyond periodicity



Beyond periodicity

rubberwith carbon black
[Heinrich et al. '14]

brass
[Wikipedia]

metallfoam
[Wikipedia]

grain size

frequency

random media



Beyond periodicity

rubberwith carbon black
[Heinrich et al. '14]

brass
[Wikipedia]

metallfoam
[Wikipedia]

grain size

frequency

random media

random matrix field

mathematical description



a numerical investigation
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Theorem (stochastic homogenization)

[Papanicolaou & Varadhan '79, Kozlov '79]

Stochastic homogenization



homogenized coefficients are
homogeneous & deterministic!

numerical illustration (two dimensional problem)



„Infinities“ in the stochastic case

invokes a corrector problem on infinite, high-
dimensional space

average over infinitely large box

...require approximation:

random error:

systematic error:



Quantitative homogenization



Quantitative homogenization



Quantitative homogenization



Programme of the winter school

• Introduction: the one-dimensional case
• homogenization theorem
• harmonic mean formula
• two-scale expansion

• homogenization of elliptic equations in the periodic case
• Tartar's method of oscillation test functions
• the notion of the periodic corrector

• homogenization of elliptic equations in the stochastic case
• description of random materials (stationarity and ergodicity)
• the notion of the stochastic corrector (sublinearity)

• two-scale expansion: error representation via correctors

• quantitative stochastic homogenization
• discrete setting
• quantification of ergodicity via spectral gap
• corrector bounds via semigroup decay


