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BCTVYII

Mogenn Ismara — omHa 13 cTaHZAPTHUX MOIesell CTAaTHCTHIHOL (DISHKH.
Mlopoky 3’ aBagersca mouan 800 mybmikariii, TpUCBAYEHNX M1l Mome,
a KUIBKICTB myOstikariit mpo monesns Iswara, mounnatoun 3 1969 p., me-
pepumiuia 13500. 10 tpasua 1997 poky Epucr Iswar Bigssaduus cBoe
97-piuua. Moro xurra Take x 6arare Ha HOMil, AK i CTOpiYYdA, poBec-
HEUKOM fKoro Bif €. Hapomuscs B Kespni, Bunbca B Boxywi, ['eTenreni,
Fam6ypry. Iin kepisauirBom Bimbrensma Jlenma y B8 1924 p. saxuctus
IUCEPTAINo, TpamoBaB y mKogax Himewuwnu, emirpyBas y Jlookcem-
6ypr, micaa Bilinm — y CIIA. o Buxomy ma mencito 6yB mpodecopom
bisukn B yHiBepcucteri Bpeni (Bradly University, Peoria, IL).

97 piuuto Epncra Isunra 6ynu npucBadeni [3WHTIBCHKI YU TaAHHA, OP-
ramizoBanl lHcTuTyTOM dismknm KonmencoBarmx cuctem HAH Vxpainm
Ta Kaderpoo TeopeTuydHol pi3ukn JIBBIBCHKOTO IePKABHOTO YHIBEPCH-
tery iM. [.®Ppanka 1 mpoeneni y JIsBorl 12 TpaBua 1997.

IIporpama InTaHb MICTHJIA OTIAAOB] Ta OPUTiHAIBHI JOTOBIAl TaK TN
1HIITe TToB’ A3aH1 13 Momestio Isuara. Cepen HEX:

Epuer Isuar — ¢isux i Bunrens (C. Kobe, Texuiunnii yHiBepcuTer,
Hpesnen),

Mopenr Ismara — craTmcTUKo-MexaHIdHl oOYMCJIeHHA Oe3 HabJIm-
x&erb (0. Hepxko, IPKC, JIbBis),

Momenb rpaTKOBOIO rasy [Jid MPOTOHHOI MIJICHCTEMH B KPHCTAIAX 3
cynepionanmu dasosumu nepexogamu (I.Craciok, H.ITaBiaenko, IOKC,
JIbBiB),

Mogess Isunra i Heitponni citkn (B. Tkauyxk, JIbBiBChRUl mepKan-
HUil yHIBEpCHTET),

[ paTkoBi crinoBi MoziesTi i3 cTpykTypHUM Hesmamgom (P. Jlepunbkmit,
P. Coxomnosenkuit, IOKC, JIbBiB),

I'parmunnit mepexing e 2Kena: Big cTATHCTHKY CIIHIB IO CTATUCTUKT
makpomosekys (FO. Tomosaw, IPKC, JIbBiB).

[eii 36ipHUK MICTUTEH TEKCTH JIEKIIH TpoynTannx v JIsBoBl 12 Tpas-
uHa 1997 p. Texctu momamo yKpalHCHKOK abo aHMTHRCBKOK MOBOIO.

Opiit Tomosau
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EPHCT I3UHI — ®I3UK TA IHIEJATOI
C. Kobe

Ipesdencorutt mexnivnul ynisepcumem, ITh-m meop.
pizuru,
pesden, Himeuwura

Epuer Isunr waponnsesa 10 tpasua 1900 poky B Kenbni (HiMeuunna)
y cim’i kymna ['yerasa Isunra ta ftoro npysxunn Teki, yponzxenoi JIbo-
Be. 3romom ciM’s mepeixana 1o M. Boxyma (Bectdauis), me 1918 poky
Epact Isunr sakinums riMmaasio. Hepmopsi fioMmy mgosesocsa BLOADYTH KO-
POTKY BliicbKoBY caryxkOy. ¥ 1919 pomi Epuct Isunr posnovaB BUBYEHH A
MAaTEMATHKH Ta isukn B | eTTiHTeHCbKOMY yHiBepcHTeTi. IlisHime Bim
npomoBkuB HaBdaHHA y Boumi Tta [ambypsi. Came y [ambypsi Bins-
reabpM Jlenr (1888-1957) sanpononyBas [3SuHIOBI 3aliHATHCA TeOpETHI-
Hoio ¢dismkomo. Ilig KepiBauITBOM JleHIla Mogoanii ydueHmii posmodan
JOCIIIZKEHHA MOJIeSl (bepoMarHeTn3My, Ky foro Kepisauk yBiB y 1920
pori [1]. ¥V cpoiii aucepramii Eprer Isunr gocaiaus BUOagok JiHIAHOrO
JIAHITIOZKKA MAarHeTHUX MOMEHTIB, KOXKEH 3 AKHX MOZKe mepebyBaTm B
OIHOMY 3 IBOX MOIKJIHMBHX IOJOKEHL — “BBepX’ Ta “BHU3”, 3B A3aHUX
y3aEMOMIAME M1ZK HalOamKIuMu cycimamn. Bin mokasas, 1o cmoHTaHHE
HaMarHi9eHHsA He MOKHA MOSCHUTH OTHOBUMIPHOIO BEPCIEIO i€l MOIEI,
MpoTe MOMUJIKOBO HOIUIMPHUB Il BUCHOBOK 1 Ha TPUBUMIDHUN BHUITAIOK

[Ticaa npucBoerrs MTOoKTOpChKOro 3BaHHA EpHcT I3mHr mepeixmxae
1o Bepmua, me 3 1925 poky mo 1926 pik mpaifioe y maTeHTHOMY BT
kommanii Allgemceine Elektrizitatsgesellschaft (AEG). TIpore na mpams
ifoTO He 3aOBOJILHAJIA, 1 BIH BUPIIIUB CTAaTH BunTeeM. [Iporarom poky
BiH HpaIfoBaB y sHaMeHHTIH mrkomi-mancionari y micti Camemi (Tlis-
IeHHUNR Ba;leH) nobansy Bagercbkoro ozepa. ¥ 1928 pomi Epuer Isunr
MOBEPTAETHCA 10 BepIiHCHKOTO YHIBEPCHTETY, 06 BUBIATH (PLI0COdDITO
Ta memaroriky. ¥ 1930 pomi BIiH cKJamae HepzKaBHI ICIUTH Tepel meaa-
TOTITHOO PAmoIo 3 BUIIOI OCBITH. ¥ IIHOMY K POIIl MOJIOANI yIeHn ogpy-
Kyerbed 3 Vorannoro Emep, mokTopom y ramysi ekomomixu. Ilonpyx-
xa mepelxaxae go llrpaycbepra mobmmsy Bepmina, ge Epuct Isunr
safiMae BHUKJIAZAIbKy TMOCaay y cepemfiil mkosm Ak “Studienassessor”
(y HimMewanni meps:kaBHUH CJIyKOOBEID, MO CKJIaB HeoOXimHI mad cBoel
HOCATH ICIUTH, ajie e He 3aBeplinB BUIPOOYBaIbHUN TepMiH). 3ro-
nom E. Isunra nepesomats mo micta Kpoccena wa Ompi (tenep Kpocro

Texkct nomoBiml aHmIilicbkoro MoBow omy6srikoBano B J. Stat. Phys. 88, 991
(1997), ykpaincopkor mosomw — B ZKypa. ®is. docm. 2 (1998)
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Omxanbcke B [Tospini) Ha Miciie BUnNTeNsA, AKAH 3aXBOPIB.

Bigpasy micaa npuxomy mo Biaamgu Litaepa y cigni 1933 poxy Bcix
rpoMasaH eBpeiicbKol HAIMOHAJIBHOCTH 3BLILHILIN 3 IepKABHOL CJIY KOH.
Epncra Isunra sukwaysn Ha Byaumo 31 Gepesna 1933 poky. YupomoBx
POKy BiH O6yB 6e3pobITHNM, AKIIO He OpaTh J0 yBarm KOPOTKOTPHBAJIOL
npami v [lapuxi BukmamadeM y MKOM A miTel iMMmirpanTis. ¥ 1934
poti #ioMy Bmasiocds BIIAIITYBATHCA BUYMTEIEM MAHCIOHY JIA €Bpelch-
kux miteit y Kanym wmemamexo Bin [lorcmama. lefi saknam sacayBasia
[pOorpecUBHU mifd y raaysi comianbHOl memaroriku I eprpyma Paiiep-
tar (1890-19437). Tlopyd i3 macioHOM posTalryBaBcA JITHIH OyamHOK
Anwbepra Afinmraiina. ¥ 1932 pomi mcia suismy Aftnmraiina mo CIITA
MaHCIOH BUHARHAB y HBOTO Ielf OyAWHOK [Jifd TPOBENEHHA HONATKOBUX
3aHATH. KITBKICTE YUIHIB 301IBIIYBAIACA 3 KOKHHUM POKOM, OCKLIBKH
€BpeiichbKuX miTell BUKIOTANN 3 AepKaBHuUX mKiI. ¥ 1937 pom Ismar
cTae TUPEKTOPOM IN€l KON, 3a mepedyBanua Isunra ma miit mocam 10
gucronaga 1938 poky OYAIBIIIO MIKOJIN CILIIOHIPOBAIN MICIEB] MEITKaH-
Ml Ta JTH, AKI JOJYIUIUCH IO BEJUKOTO aHTHEBPEHCHKOTO TOTPOMY B
Himewgumi.

Ha nouarky 1939 poxy Epucr Ta Woranna Isunru ispunu no Jlrox-
ceMbypra 3 HamipoM eMirpysatu no Crosnyuennx ltatis Amepuku, mpo-
Te depes umbHl Ha Toi wyac y CIIA immirpamiiinl KBOTH IBOMY IJIa-
HOB1 HE CYIHMJIOCH 3MIficHUTHCA. Y IeHb COPOKapITHOIO I0BLIEI0 BIEHOTO
HIMeNbKI Blficbka 3aiinann Jlrokcembypr. Koncyascro CIHITA sakpmio-
ci caMe y Toit 4ac, Komu [smHTraMm yiKe MAXomuia depra Ha BHI3m. 3
xBiTHA 1943 poky mo mu#A 3BlIbHEeHHA BoceHN 1944 poky BueHmlt 6YB 3My-
IIEHNit TpalfoBaTH Ha HIMEIBbKY apMio, po3bupaioun 3al3HIIHY JIHIO
Maxwuno y JloTtapusrii.

Yepes nBa pokm mmichaa 3akindeHHda Bliiau [sumar samummus ©epory
Ha OopTy BaHTaXkKHOTO cyaHa, 1o npamyBasio go CIITA. Tam Bin orpu-
MaB Tocajly BHKJaJada y MefaroriqHoMy KoJiedxki micta Minor (mrrar
Misrivna Jakora). 3 1948 poky mo 1976 pik Eprct Isunr 6ys mpode-
copoMm isukm B yHIBepcuTeTl Bpemii, Ileopis, mrar Lmminoiic. Tyt y
1968 pormi itoMy TPUCBOLIK CTYMIHB OYECHOTO JOKTOPA, & 3TOIOM 3BaH-
ua “Bumatauii megaror 1971 poxy”. 3 1953 poky Epmct Isuar — rpo-
manaausa CHTA. Ak mo, tax i micaa Buxony Ha mencio mpodecop baraTo
momopoxkyBas. Bin Bigsimas yci mratn CITA ta 6araro kpald cBiTy.

Temep npodecop Epucr Isunar mpoxubae y Ileopii. Hemonasro Bin
BIICBATKYBAB PAI IOBLIEIB, cepel HUX CIMAECATHPITIA TPUCBOEHHA o~
My CTYNEeHs JOKTOpa 1 BUXOIY y CBIT foro mpai [3] Ta urictaecar o’ sty
PIYHUIIO OIpYKEHHA.

Isunr moBimaBcs, Mo Meprmil MOKJINK Ha HOTO MOCIIIKEHHA 3POOUB
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y cBoili crarti [4] TaitzenGepr, skuii 3a0poBagMB MOHATTI KBAHTOBO—
MeXaHITHOl OOMIHHOI B3aeMomil AnsA omucy dpepomaraernamy. Ilismimre
[3unaT OyB HAOBrO BHKJIIOYEHUM 3 HAYKOBOTO JKUTTS Ta CIIJIKYBAHHS.
Jlutre y 1949 pomi BiH mi3HABCA 3 HAYKOBOL JITEpaTypH, MO HOro mo-
CHIAZKEHHSA CTAJIO IMHPOKO BIIOMIIM.

Cama Haspa “Momesib Ismura” MOXomuWTh, 3mMaeThes, 3 mpami P. ITaii-
epiica (R. Peierls) “ITpo IsunroBy momens depomarnerusmy” [5]. Tlafi-
€pJIC PO3IIAAaBAB PO3MEKYBAJBHI JIHII, AKl BIIOKPEMJIIOIOTEH CIIHOBL
obmacTi “BBepx” Ta “BHH3” Yy ABOBHMIpHINH KBagpaTHIi rpatii IsuHra.
OmiHo0Yr BEPXHIO MEXKY TMOBHOI JOBXKWUHE 3aMKHEHUX KOHTYDIB, I0-
CHITHUK 3yMIB MOKA3aTH, 1O MPH JOCTATHBO HU3LKHUX TEeMIepaTypax
JIMIlle He3HAYIHA YacTHHA YCIX CIIHIB OTOYeHa KOHTypaMu. fK Hac/IigoK
IIHOTO OLJIBINCTE CIIHIB MTOBHHHA MAaTH MPOTUJICKHIH 3HAK, 10 Bee 0
coHTaHHOl HamarHideHocTn cucremu. Ban Kamnen (N. G. van Kamp-
en), ®imep (M. E. Fisher), [llepman (S. Sherman) Ta inui sromoM BcTa-
HOBUJIH, 1110 Y poboTi [5] cyMyBaHHsA JOBKUH KOHTYDIB [/ CKIHYEHHUX
cucreM 6yJI0 HENPABUJILHO PO3IMUPEHO A0 Ge3MeKHOCTH, TOpiBH. [6, 7].
Y 1964 pomi meit nemomik yeyrys [ piddire (Griffiths) monudikamieio
noegents Iaiiepaca [7]. Ilpore, sk 3ayBaxysas Ilafiepsac y 1966 poi,
3HalileHa TOMUJIKa He CIPOCTOBYE HOTo apryMeHTallii, OCKLIbLKH BOHA
BeJIe JIUIIe 70 3aBUINEHO] OMIHKU JOBKUHN KOHTYPIB, a BCe PEllTa 3aJih-
HIA€ThCA TPABUIBHIM [8].

Haii6i1b1mr pasiodnM yemixoM MoAesl 6yi1o Te, Mo BoHa JaJIa MOIITOBX
710 ToMyKy hasoBOTO Mepexony Mixk (dhepoMarHeTHUM Ta MapaMarier-
HUM craHamu, mopiBH. [6]. CupaBxHili npopus 6ysa0 3pobieHo TOl, KO-
JIT B pAAl pobIT YCTAHOBUIIM, IO MaTpHIHE 300pakeHHA 3a1adl MOKHA
BBECTH TAaKUM YHHOM, IO CTATHCTHIHA cyMa Oye ToB’ A3aHa 3 Haitb1Ib-
UM BJIACHUM 3HadeHHAM BBepenol marpuii [9-11]. Kpamepc ta Ban’e
(Kramers and Wannier) [9] ofuncimin 3HadeHHA TeMiepaTypn Kiopi
JBOBHMIpHOI Mozel [suHra, Toml AK TOYHHH 1 TOBHHN PO3B’A30K yIep-
e 3amporonyBas Onsarep (Onsager) [12].

Croromal Momenb [3uHTA € cTAHAAPTHOI MOMAEIIII, AKY IIHPOKO 3a-
CTOCOBYIOTH y cratuctrdsiii dpizuti. Hlopiuno 3’ apagersea bausbro 800
pOBIT, [le 10 MOMES b BUKOPUCTOBYIOTH IJIsl OMKUCY PI3HUX CHCTEM, Ce-
pen AKUX € HelipOoHHI CITKH, OLIKOBI CIOJIYKH, O1OJOTIUHI MeMOPaH Ta
CYCIIJIbHI ABUIIA.

Y miit craTTi Iomano Jgunre meAki daktu 3 Hiorpadil Epacra Ismara
Ta paHHIo 1IcTopifo Momel Ismura. Tumn 6i6miorpadidni gKepesa MOKHA
snaiite y [6], [13-17].

ABTOp BHCIOBMIIOE WHPY ToaAKy W, Isuur 3a mo3Bin KopucrysaTucs
ii HeonyGuikoBaHuMu MeMyapamu [17].
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MOIEJIb I3UHTA —

CTATUCTUKO-MEXAHIYHI
OBYUCJIEHH{ BE3 HABJIN>KEHD

O. Hepxkko
IOKC HAH Yxpainu, Jlveis, Ykpaina

Epuct Isunr npugymas cBoto Mogeab nonaz 70 pokis tomy Hasaj [1].
3BUYaiiHO PO Hel MI3HATHCA HA YETBEPTOMY KYPCl Ha JIEKIIAX 3 CTa-
TucTIgHol (bisuku. T1, XTo mpallioe y Teopili KOHIEHCOBAHNX CEPENOBMIII,
Iy 7Ke 9aCTO BUKOPUCTOBYIOTH 11 /1A TOTO, M00 3po3yMITH (PI3HIHY Kap-
TUHY ¥ TOMY 97 1HIIOMY BuIanky. CaMm [3wHT 3amo9aTKyBaB TOR aclexT,
Mpo AKU A XOTIB OU 3apa3 MOTOBOPHUTH: HOTO MOIENb IOMYCKAE TPOBe-
JIEHHSA CTATUCTHKO-MEXAHIYHUX OOYMCIeHb 6e3 BUKOPUCTAHHA YKOMHUX
Habanxenb. Takl pesyabTaTd BHUHATKOBO BazKJHBl, 60 BOHH PO3BHBa-
IOTh IHTYIIIO 1 PO3YMIHHA, AKl IyZKe KOPHUCHI Y CKJAaTHINITX BHMaIKaX,
Jie TOTH1 OOINCIeHHA HEMOZKJINBI. 3a KIJIbKa JeCATHIITE 3400y To HaraTo
TOYHUX PE3yJIbTATIB AIA Momesl [3mara; 1 obMekKych Jniie oObroBopeH-
HAM NUTAHHA PO CTATHYHI CIPUITHATINBOCTI JTAHITIOKKIB [3unra, fke a
HeNaBHO BUBYAB pasoMm 3 Oitecem 3abypaHHUM.

Haranaemo, ak dopmymioerbca Momens Isurra. Ha mpamiit maemo
N ejleMeHTapHUX MarHETHUKIB — CITIHIB, M0 MOXKYTb MaTW OBl OpI€H-
Talll; BOHI B3a€MOIIIOTH 3 HAROMMKINME CYyClIaMy 1 30BHIIITHIM TOJIEM.
laminbTOHIAH CHCTEMHE €

H=Hy+Ho=Y Jsish+hay s (1)

Tyt cymyBanns BemeTbes 3a N Bysimamu, J € OOMIHHA B3a€MOIIiA
MIXK CYCIOHIMHU By3JaMu, s¥ €, HaOpHKJald, mojgoBuHa Matpuil Ilaymi
1 0 .
mone hy, @ = x,y,z MOTpibHEe IJisA OOYUCIEHHA CTATHI-
0 _1 bl (s 8] bl bl
- o . _ Omg — 1 8 _
HOI CHPHIHATINBOCTL Xga = 50, Mg = ¥ Y.< sh > a< () >=
_H _H .
Tr [e T (.. )} /Tr e”*F — TepMOIMHAMIYHE CEPE/IHE.
[To3moBKHIO CTATUYHY CHIPURHATIUBICTD Xy (PaKTHIHO 3HARIEHO ¥
pobori Isunra [1]. I MoxHa OTpuMaTH, AKIIO JABIYl HpoaudepeHIioBATH
o moJtio hy BiabHy eHeprito IesmbMmrosbia va ognn Bysoa f(7T, hy)

H . H
—% In Tr e~ #7 . Kanoniamy CTATHCTHIHY CyMy Z(T, ﬁx, N)y=Tre *r
MOXKHa OOYMCIUTH MeTogoM MaTpuli nepenocy [2]. Hificto,

Tre #7 = — Z Z Z T(s7,s5)

e—g 1l x4 1 e 4 1
s{=%35 si==%3 s%=%3
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T(s5,55). . (s, 57) 2)
HaKJIaJcHO NUKJIIYH]I 'paHU49Hl YMOBHI), O¢
( iuni rp | ymoBm),

T(sh.s741) = e A0t F 0 ), 3)

CyMmyBaHHA 32 3SHAYEHHAMH CITIHIB € MHOKEHHA 2 X 2 MaTPHUIh MEPEHOCY

Tbh T
T = % 73 . 4
(rG17) rerd "
Tomy Z(T,hy,N) = Tr TV. dgmo subparu marpumo U Taky, wwo

A 0
—1 _ 1
U TU_< 0 /\2),TO

Z(T,hy, N)=Tr (UT'TUU'TU ... UT'TU)

=AY+ A, (5)

i
F(T, hy) = —kT In Aq, (6)
ne Ay — Oisblite BracHe 3HAYEHHA MATPHIN TEPEHOCY (BHECOK Bl MeH-

IIOTO BIACHOTO 3HAUEHHA SHUKAE ¥ TepMOAMHaMIUHIH rpannimi N — 0o).
Ternep Bigpasy 3HAXOIUMO, IO

L exir ch B -
o AT [ _ 5 oo s \Z
(e T sh” 57% + e2kT)

[Momepeuna craTwdna CUPpURHATIUBICTL Y., Oysia 3Halizena mpu-
6ausHO yepes 40 pokiB y Mekax MeTomy, pospobaenoro Jlibom, Mlyss-
oM i Marticom [3]. KanoHiuny cTaTUCTUYHY CYyMY OPH HASBHOCTI IO-
MEPETHOTO MO Yepe3 HEKOMYTATHBHICTL BXKe HE MOYXKHA 3aMUCATH K
(2.2). Y repminax omeparopis sT = s” £ isV (s° = sts™ — %) ramisib-
tTouian Hg+ H, € xpagparu4uHoo dopmoio. SKimo mepelitu Bim omepa-

topis s* 1m0 omeparopis ®epmi
g =87, ca=(—2s7)sy, c3=(-287)(—2s5)s5, ... ,
T = Sil—’ C;— = (—2s7) 5;—’ CL;I: = (—2s7) (—2s3) SL;I:’ SR (8)

TO TaMUIBTOHIAH 3AJUIIHTHCS KBAIPATHIHOW (hOPMOIO Tenep BiKe B Tep-
MiHax omeparopiB ®epmi, AKy MoXKHa JlaroHAI3yBATH, BAKOHYIOUH ITO-
CJIOOBHO MepeTBopeHHsa Pyp’e

1 N 1 N
e = — E e" Wit o= — E e, 9)
R ST jo K ST J

Nj:l Nj:l
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1 mepetBopennsa Boromawobosa

ﬁn :xncn‘i‘ynci—n, 61—,@ :y—ncn+x—nci—n~ (10)
Kanoniura cratucTrdna cyMa Jid OTPEMAHOTO B PE3YJIBTATI TaMijib-
TOHIAHA

N
n 1
H = § Ak ﬁn ﬁl@ - 5 ;
k=1
2 .
Ay = \/hg 4+ h,Jcosk + JT O0YMCITIOETHCA €JIEMEHTAPHO, a BLIBHA

enepria Tempmronbna Ha omus Byson f(T, h,) mae mactynnuli Bupas
JI7I TIOTIEPETHOl CTATUYIHOl CIPHHHATINBOCTI

2
1 [1 /Wd 1 (hz—I—%cos.%)

X T Lon ) o A AZ
kT [T A, Lsink
2| dkth =% 47} 11
t ) N T Al (11)

Hami A TOBOPUTHMY PO HEOTHOPIIHHN JTAHIIOKOK, KOJN OOMIHHA
B3a€MOJIiA MiZK ByssaMu n i n+ 1 y raminsroniani (2.1) € J,. B onuca-
HUX cXeMaX OOUNCITIEHHS Ygr 1 Xzz Y IBOMY pasl BHHHKAIOTh TPYIHOIII:
Bci Marpuri T y (2.2) pisHi, a HepeTBOPEHHA, MO MArOHATI3YE TaMiab-
TOHIAH y TepMiHax omepaTopiB Pepmi, € CKIaTHINIE HIK TIEPETBOPEH-
HiA, Bunucane ABHO (2.9), (2.10). Ograk My 0OMEKIMOCT NOYAMKOSUMYU
CIPUAHATINBOCTAMA (CHPHHHATINBOCTAMI Y HYALOSOMY 306HIUHLOMY
noai). Tomi obYHCTIEHHA MOKHA TPOBECTH JO KIHIIA TOTHO.

[Mepimuit Kpok y MbOMY OOUUCTIECHH] € BAKOPUCTAHHS BIIOMOTO BUPa3y
JJIs1 CTATHYHOL CHPURHATINBOCTI Yepe3 KopesAmiiial GpyHKIIil

11 ! it
o= T d Pl —— 52
X kTNnZ;{/O T<5"< kT)8p>
—<s£><s;‘>}, (12)
me s2(t) = e sfe~H (mupuce, manpuxman, [4]). Jaa mogaTkoBmX

cpuiHATIMBOCTEH TepMonnHaMivHe ycepentenHa y (2.12) BUKOHY€TH-
cA 3 ramigbToHianoM Hy; fioro nosHadatuMemo < (...) >q. Hpyruii

KPOK — BHPA3UTH AWHAMITHI KOPEJAMIAH (HYHKINI depes cTaTwdHl 1
BUKOHATH iHTerpyBaHHA 1o ¢ y (2.12). IaA 1Mporo cJiij, BUKOPHCTATH

: : 1. As® A AT _
TOTOXKHICTh JIJIA OllepaTopa CIIHYy 5: € = chg + 2sh5s”. B pe

3yJbTaTl BUABUTLCA, WO X,, 3aJI€KUTH JIALIe Bl HACTYIHUX CTATH4-
. L. t e Z 2 xr Z - Z
HUX CINHOBHX KOpenAmiiHnx GyHKmii < 8p5p >0, < 55, 15,8415, >0,
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< sy _ >0, < s¥ 5n+15 >q. Tpertiit Kpok — 11e 0bUMC/IEHHA CHIHO-
BUX KOpeJIHL[l]/IHI/IX byHKIIIE HEOMHOPIAHOTO JaHIOKKA [3uHTa 6e3 o,

Ile obuuciaenns moxua 3ualitn y kuuxkii Crendi [5]. Hacnpasai tpeba
obumcIIoBaTH JIHIe KopenAmiiini dyakmii < sps; >0, n < p. Taxi ko-
pesamifial pyHKINT MOXKHA 3HAWTH, TudePEHIIIOI0YN IO B3aEMOIIAX Jy,
Jnt1, ., Jp—1 KaHOHIUHY CTATHCTWYHY CyMy. A AJIA CTATHCTHYHOL
CYMU Ma€ MICIle PeKypeHTHe CIHIBBIIHOUIEHHA, 3 AKOlL 11 JIETKO OOUMCIIN-
i Zo(Ty,N) =2-2ch % -2ch W%. Bukopucrapmn Bupas gjia
< 83,8y >0, NICHA NeAKHX ePeTBOPEHb 3HAHIEeMO OCTATOYH] BUPa3H [T
MO3IOBIKHBOIL 1 TOMEPEYHO] MOYATKOBUX CTATHIHUX CIPHITHATINBOCTEH

X“:_ﬁ ZZ( 4kT>

471:;) ( ikT)]' (13)

Jn_1—=Jn Jn_14+Jn
th Ze=2 th Ze=tt

_ 1 4kT
Xez = 2NZ Tt —Jn " Tucit Jn

1+ Jp—1—Jn
Jn 1 J th 4kT th 4kT ) (14)

ART 7 ARKT \ Juci+ Jn Juo1i—Jn

+th

#1 midoro He TOBOPHUB PO 1HIN cOpHitHATINBOCTI. MoKHa moKa3aTH, o
Xyy = Xzz, & PELITa CHPUAHATINBOCTER Xog, & # [ HOPIBHIOIOTH HYJIIO.

fAximo B3aeMomll € He3aJeKHI BHMAAKOBI 3MIHHI 3 HIJILHICTIO PO3-
nomisy fimosiprocti p(Jp,), TO MIYKAOTh yCepeaHeny CUpUiHATINBICTE
Xao, TpoiaTerpyBasum (2.13), (2.14) 3 p(J1)...p(Jy) 1o J1,...,JJy. B
pe3yJIbTaTi MaTHMEMO

v J

__ 1,2 E N (15)
Xeo = = —
L+ th 57 4kT

(TyT 6yJI0 TiICYyMOBAHO T€OMETPUYHY MPOIPECio);

Ji—Jo Ji+Jo
= L thT th 5T
= 2 J— Jo Ji+ T2

Ji4Js
S o thTET

th 2L DT
e T A
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Iy, S th g (16)
T IR T =T )|

—| th

Hakinerns # mokaKy, 9010 MOKHA HABYNUTHCHA, BHKOHABIINM 11 0Opa-
XyHKEN. PO3T/IAHEMO, HAIPUKIIAJ, MO3M0BKHIO CTATUYHY MTOYATKOBY
CIPUAHATINBICTE — Yz (2.15). g depoMarHeTHOTO OTHOPIIHOTO JTaH-
moxkka (J < 0) nmpu T = 0 BcTaHOBJIOETHCA (bepOMarHeTHUH MOPAIOK,
AKIH XapaKTePU3y€EThCA HEHYTHOBOIO HAMATHIUEHICTIO My ; 3TimHO (2.15)

_J
2RT
npu T—0 —Xzz = e IET — 00, TO,HI AK OJIA I,HeaJHDHOI‘O IIapaMaraeTun-

a (J = 0) —XM = 7 — 0. HKmo BHECTHU AK 3aBTOTHO MAJIO XaoCy

mid axoro th 2= 4kT > —1 npy T — 0 (HaHpMKJIag, aHTI/I(:bepOMaFH?THI/IX
3B’ A3KiB Jp, > 0), To posbixuicTs pu 7' — 0 AKICHO 3MIHIOETHCA 1 cTae
mapaMaraetTHoro Tumy. llikaBo 3asHaYWTH, 1O /1A PETYIAPHOSMIHHOTO

gaHmioxrka J; = Js=...< 0, Jo = Jy = ... > 03 (2.13) BuniuBae, mo
Ji Ja S Ja
_ 1 th 777 +th 3% — 2th 355 th 2% 0 17
T ~th F7 th

npu T — 0, 106TO0 He po3dIraeThCcH, TOMI K AK Y BUIAIKOBOMY JIaH-
I_[IO}KKy, B Akomy J1 < 01 J; > 0 BUmamaroTh 3 OMHAKOBOIO WMOBIPHICTIO
2, npu T — 0 MaeMo posbIKHICTE MapaMaraeTHoro Tuny. Bee ckazane
m10bpe BUIHO Ha MAJIOHKY 1, Je MPHUBENEH] TeMIEPATYPHI 3aJIeKHOCTI
Yoo

[Momepeuyna crarwyHa MOYATKOBA CIHPUAHATINBICTE —Y,, CKIHYEHA
npu Bcix Temmeparypax; npu 1 — 0 il 3HaYeHHA € % (cucTeMy THM
TPpYOHIIIE HAMATHITHTH B3J0BXK 2z YUM O1IbIla KOHCTAHTA B3aEMOIll &
KOMITOHEHT CIHY); MIC/AA JeAKOTO 3POCTAHHA 3 POCTOM TeMIepaTypn
— Y3z, HADAMKAETHCA IO TEMIEpPATypHOl 3aJeKHOCTI CIPHAHATINBOCTI
1IeaJIbHOTO TMapaMarseTnka. Ha MajioHKY 2 MOXKHa mobadnTu BHpas3-
HY PISHHUITIO MIZK PETryJIAPHO3MIHHUM JaHMIOKKOM J1 = J3 = ... |
Jo = J4s = ... 1 BUNAAKOBHUM JIAHIIOKKOM, Y AKOMY KOHCTAHTH Ji 1
Jo BHIAMarOTh 3 WMOBIPHICTIO %; MOZKEMO Ka3aTH, IO Xaoc Mocaabiioe
edeKTHBHY OOMIHHY B3a€MOIIO, 1 HAMATHITHTH JIAHIFOKOK B3HOBIK OCI
z crae Jeruie. [Hm npukaany BIIHBY 6e3/1a1y, a TAKOK AETAT] TeAKUX
obuucsenb MOKHa 3HaliTu y npangax [6,7].

Posmosa moci ctocyBasaca omHOBUMIpHOI Momem Ismmra. Y 1944
porii Om3arep 3HARIIOB PO3B’A30K /14 ABOBUMIpHOL Moaesl Isumura. Bu-
ABJLACTHCA, 10 HAraTo 3 TOTO, TPO 1O MW TOBOPHJIN (MAaTPHUIIA EPEHOCY,
bepmioHisanif, KAHOHIUHE TTEPETBOPEHHA ), 3’ ABJIACTHCA | Y TBOBHMIPHO-
My Bunagky. 3aBgaku lyaeiy, Marticy 1 J1i6y ta Cysyki 6yiio 3’acoBa-
HO, K JBOBUMIPHA MOJIENH [3WHTa TTOB’ A3aHa 3 OMHOBUMIPHOIO MOIEJIITIO
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Puc. 1. TemmeparypHa 3aJIeKHICTD YCepETHEHOI MO3TOBKHBOI CTATHTHOL
MOYATKOBOl CIPHITHATINBOCTI /1A JIAHIIOKKA 3 ABOMA THIAMH OOMIH-

HuX B3aemomiit J; = —11 Jy = 0.3; 1 — #iMOBIpHICTE MOABH J1 JTOPIBHIOE
1, 2 — iimMoBIpHICTD MOABY J1 1 Jo JOpiBHIOE %, 3 — perynapHO3MIHHU
JAHIIOXKOK JyJoJ1Js ..., 4 — HMOBIpHICTD IOABH Jo mopiBHIOE 1, H —

ineansuuii mapamaraeruk (J; = Jo = 0).
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0.0

Puc. 2. TemmepaTtypHa 3aJI€KHICTDL YCepPEeTHEHOI TOTIEPETHOl CTATHIHOL
MOYATKOBOl CIPHITHATINBOCTI /1A JIAHIIOKKA 3 ABOMA THIAMH OOMIH-
HuX B3aemomiit J; = 11 Js = 0.3; 1 — #iMOBIpHICTH TIOABH J1 JTOPIBHIOE
1, 2 — fimoBipHIicTh ToABU J; mopiHioe 0.7, 3 — perynapHO3MIHHUI
JAHIIOXKOK JyJoJ1Js ..., 4 — WMOBIPHICTE MOABK Jq 1 Jo JTOPIBHIOE %,
5 — fimMoBipHiCTH oABH Jo mopiBHioe 0.7, 6 — HMOBIpHICTH MoABH Jo
nopisHoe 1.
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[sunTa B monepeanomy moJi. Jlyxke miigHoto BusBmiacs npais Makkos
1 By cTocoBHO HEBIOPAMKOBAHOI BepCil MOAEl. ¥ TPUBUMIDHOMY BUIIAJI-
Ky TOYHHUX PEe3yJbTaTiB Ille MeHIe. Xoda Moesb [3uHra ayKe mMpocTa
3 PI3UIHOI TOUKHI 30pY, CTATUCTHKO-MEXaHIIHI OOUNCACHHA BUMAraioTh
3aCTOCYBAHHS TOCHTH CKJIATHOI MaTeMaTHKu. ToMy TIOIIYK pe3yIbTaTiB,
AK1L MOYKHA 3000yTH 6e3 HabINKEHb, IYMAEThCA, TPUBATIME.
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LATTICE GAS MODEL FOR THE
PROTON SUBSYSTEM IN SUPERIONIC
CRYSTALS

I.V.Stasyuk, N.Pavlenko
Inst. Cond. Matt. Phys., Ukrainian Acad. Seci., Lviv, Ukraine

It is common knowledge that the application of the Ising model goes
far beyond the phenomena of magnetism. In particular, using the simple
transformation from pseudospin variables to the occupation numbers
this model can be resresented in the form of the so called lattice gas
model. In this case the chemical potential which is entered here for the
description of systems with a varying number of particles plays the role
of external field. In this work the lattice gas model is applied to the
investigation of the triammonium hydrogen diselenate (NH4)sH(SeO4)2
which is one of a group of crystals MsH(XO4)2 (M=K, Rb, Cs, NHy;
X=Se, S). Phase transitions into superionic phases accompanied with
an increase of protonic conductivity are characteristic for these crystals.
Protons are distributed randomly within the subsystem of structurally
equivalent positions forming thereby the virtual hydrogen bond network.

The structural X-ray studies in [1,2] revealed the following phase
transition sequence in (NH4)sH(SeOy4)q: superionic phase I (with trigonal
symmetry R3m), superionic phase II (space group R3), ferroelastic phase
IIT (triclinic symmetry C1 or P1, with small deviations from monoclinic),
ferroelastic phase IV (monoclinic symmetry C2/c), ferroelectric phases
V and VI (monoclinic symmetry Cc) with the transition temperatures
332K, 302K, 275K, 181K and 101K respectively.

Experimental studies [3,4] indicate the significant role of the pro-
ton subsystem in superionic phase transitions that motivates the prime
importance of the consideration of hydrogen bond network and its re-
construction at the phase transitions for the theoretical description of
these transitions. Such approach was proposed previously in [5], where
using the lattice gas model in the mean field approximation, the phase
transition in RbgH(SeO4)2 crystal from superionic phase with R3m sym-
metry to the low-temperature phase of monoclinic symmetry has been
described.

In this work similarly to [5] the microscopic description of the phase
transitions in (NH4)sH(SeO4)s from superionic phase IT to ferroelastic
phases IIT and IV is developed. The phase diagrams determining the

The lecture presents the results obtained in collaboration with Prof. B.Hilczer,
to be published in J. Korean Phys. Soc. 32 (1998).
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necessary conditions for the existence of different proton orderings are
constructed in the mean field approximation (MFA) as well as using the
cluster expansion method (CEM). The obtained results are compared
with the conclusions which follow from Landau expansion.

Phase transitions from superionic to ferroelastic phases in
(NH,4)3H(SeOy4)2 crystal are connected with the rearrangement of the
hydrogen bond network. Whereas in superionic phases the virtual net-
work exists with the occupation probability for each bond equal to 1/3
(Fig. 1), in phases IIT and TV the hydrogen bonds are frozen-in, form-
ing in this case the dimer sequences which consists of (SeQ4)-tetrahedra

linked by hydrogen bonds.

O
eC o
e} O@=0.38)

Figure 1. Projection of (NH4)3H(SeO4)2 crystal rhombohedric primitive
cell with lattice vectors @y, da, d3 on the (001) plane in the hexagonal
coordinate system of phase II. The large and small circles correspond to
the possible positions of O(2) oxygens and protons on H-bonds respec-
tively; A (z =0), B (# = 1/3) and C (z = —1/3) denote the positions of

lower SeO) groups.

In particular, the transition to phase III is accompanied by the dou-
bling of the primitive unit cell along the lattice vectors @;. Three possible
orientation states characterized by star {k;}:{%gl, %Ez, %Eg} in Kovalev
notations can appear in this phase. For the case {127’4} — %Eg = ];:3 the
positions f = 1 or f = 2 in the unit cell are alternatively occupied at
the translation along the ds direction.

Contrary to the phase III in phase IV the proton positions with
the same index f=3 are occupied, forming parallel sequences of dimers
(Se04)'-H-(SeO4)”. Neglecting the hydrogen bond displacement con-
nected with (SeO4)-group rotations, we can assume that the ordering

ICMP-98-13 18

in phase IV corresponds to vector ]{?7 =0.

We will use the lattice gas approach for the consideration of the
proton subsystem. In this case the proton interactions are represented
in bilinear form:

1
H=3%  @pp(mm )i = D iy, (1)

mm! mf

5!
where n,,y = {0, 1} is the proton occupation number of position f in the
primitive unit cell m; ®; (mm’) is the energy of pair interaction. The
chemical potential u is defined from the following condition for the given
average proton number per unit cell n:

Z g =N, (2)
mf

with 7 = 1 in the case of (NH4)3H(SeO4), crystal.
In the MFA the thermodynamical potential of the system has the
form:

Q=Uy—0> In(l+e rlm=n) (3)
mf
where
yr(m) = Y @pp(mm )i g, (4)
mlfl
1 o
Uo = —5 Z @ff/(mm/)nmfnm/f/.

mm’

5!
The proton average occupation numbers can be represented as A,y =
% + 07y, where the deviations 67,y become nonzero in the ordered
phases. Let us consider a transition into phase III with orientation state
given by the wave vector Eg. The deviations dn,, can be written as:

1 .75 1 2
St 0 = £——=uetfelim 41— 4§, = ———v. 5
m;l, \/5 \/6 m \/6 ( )
These relations provide a possibility of obtaining the observed proton
position occupancies (1 = 1, Aigma = 0, Az = 0 or Ay = 0, Aypa = 1,
ms = 0) for the saturated values of u and v: v = :I:\/Li, v = %. The
order parameters u and v are defined as:

1 1
u:i_(ﬁml_ﬁmZ); v =

7 = %(ﬁml + Nmaz — 2m3). (6)
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Besides the phases IT (v = v = 0) and IIT (u # 0, v # 0), the expressions
(5) can describe the proton ordering in phase TV; in this case u = 0,

v # 0.
Substituting (5) into (4), we obtain:

iks R

Y1,2(m) =0 + av & be u, y3(m) =y — 2av, (7)
where
1 1 - -
a=—7=[®11(0) = ®12(0)], b= —=[P11(ks) — P1a(k3)],

V6 V2

Dy (];) 1s the Fourier transform of the proton interaction potential.
The order parameters u and v can be determined from the minimum
conditions of the free energy F' = Q + unN

0 /1 0 /1

(w)=0 glgr)=o (®)
for the given proton concentration n. Equations (2) and (8) were solved
numerically for different values of b = b/a ratio. It turned out that for

b < b* = /3 the transition to phase TV occurs, whereas for b > b* the
transition

to the proton ordering corresponding to phase III takes place. The
phase transition II — IV is of the first order that corresponds to the ex-
perimental observations in [6], and the order of IT — IIT phase transition
is changed from the first for b <b< INJC the to second for b > l;c, where
be ~ 2.07 is the tricritical point. The curve of coexistence of phases 111
and IV b = b* is parallel to the temperature axis (see Fig. 2).

The CEM which allows taking into account short-range proton in-
teractions is one of the possible steps beyond the frame of MFA. It is
natural to select three hydrogen bonds in the primitive unit cell as the
initial cluster. The energies of the possible proton configurations in the
cluster are shown in Fig. 3. The free energy of the proton subsystem in

the three-bond cluster approximation equals to:

F = Uy —2N0InSpe ™% 4 NO S InSpe Mt 4 piN,  (9)
f

where the three-bond cluster Hamiltonian has the form:

3

HEY = Vin + (37 (m) + Ap(m) = p)nmy, (10)
f=1
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2,0 II ’5 =10
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Figure 2. Phase diagrams (r, INJ) obtained in the MFA and by CEM; solid
and dashed lines indicate the first and second order phase transition,
respectively (7 = kT/]al, b = b/a).

YAPN PPN

€ £ £ €3

Figure 3. Energies of the proton configurations in the three-bond cluster
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(the term V, includes the configurational energies) and

Hr(nl} =2A¢(M)nms + (v¢ (M) — )Ny, (11)

is the Hamiltonian of one-bond cluster. The effective cluster fields A¢(m)
acting on the proton at the cluster boundary have the same symmetry
as the internal fields (7). In this case besides egs. (2), (8) the additional
minimum conditions for the free energy with respect to Ag(m) appears.
It should be noted that setting a = & = 0 in the system of equations
for u, v, p and A¢(m) parameters and thereby excluding the long-range
interactions, we obtain only the trivial possible solution corresponding
to the disordered phase. It means that in our case the long-range pro-
ton interactions are of decisive importance in the phase transitions into
ferroelastic phases.

Comparison of phase diagrams resulting from MFA and CEM (Fig.
2) reveals that the critical temperature in the latter case raises with the
increase of the energy § of the two proton configuration near (SeQO)-

group (0 = ﬁ(% — ¢1)). In this case the shift of tricritical point
b = b to the larger values of b is observed. The coexistence line of

phases III and IV remains at the value b= V3.

Using the structural data, we can calculate the ratio b = b/a corre-
sponding to the (NHy)sH(SeO4)s crystal by the Ewald method of the
lattice series summation of Coulomb contribution to the proton interac-
tion potentials. In our case we obtain b = by = 1.69 that is very close
to b* = V/3; this corresponds to phase transition II-IV. The phase III
can appear as intermediate only in the case when the ITI-IV coexistence
curve would be bent in the vicinity of the triple point. Such possibility
follows from the consideration based on the general phenomenological
approach.

For the case of Eg—orientation state Landau expansion of the free
energy has the form:

1 1 1
NF = §a1v2 + §a2u2 + 'ylv?’ + 'yzvuz +

S1vt + S0 u? + Ssu’. (12)

The curves of the phases coexistence can be determined from thermody-
namical equilibrium conditions and the additional conditions of equality
of free energies in both phases. In particular, for the case of second
order phase transition II-IIT equation ay = 0 gives the critical temper-
ature, whereas the temperature of the first order phase transition II-IV
is determined from the condition 2181 = 4%. The line determining the
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temperature change of the state of system in phase diagram is described
by equation a; = Aas + B. In the case of MFA and CEM A = 1 and
this line is parallel to the ITI-IV coexistence curve given by the condition
a1 = ag in the case of R3m symmetry of prototype phase. This doesn’t
provide the possibility to describe the phase transition sequence II-I1I-
IV. Such transition could be realized at A < 1 when the symmetry of
the prototype phase is lower. So we can describe the ITI-ITI-IV sequence
in (NH4)3H(SeO4)s taking into account explicitely the R3 symmetry
of phase II. This can be done by including into microscopic model the
interactions of protons with orientational motion of ionic groups (the
freezing of reorientations of HSeQ,s complexes is the reason of I-11 phase
transition [1]).

Comparing the results of MFA and CEM, it can be noted that the
main features of thermodynamical properties of considered system may
be described within the mean-field approximation allowing for the long-
range proton interactions. In this case the obtained results agree with
the experimental data, but the better quantitative agreement could be
obtained by taking into account the molecular field fluctuations. The
short-range proton correlations considered in CEM don’t change quali-
tatively the topology of phase diagram but lead to a change in transition
temperature and favour the transformation of the II-III transition order
from second to first one.

Besides the description of the thermodynamics the proton ordering
model can be basic for the further investigations of proton transport
processes in this system.
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TMOCJIII>KEHHSA
HEBITOPSITIKOBAHUX I3MHTIBCHKUX
CUCTEM Y KJIACTEPHOMY IIIIIXOIII

P.O.CokomnoBcbkuti, P.P.JleBunibkuii
IOKC HAH Yxpainu, Jlveis, Ykpaina

Maruitae [1] un cerneroesekTpudHe [2-7] BIOPAIKYBAHHA B KpH-
cranax, dhasosi mepexoan B dutoinax (rparkosuit ras) [8], — posriAn
IUX Ta 6araThoX IHIINX ABUIN IPUBOAUTL IPH MEBHOMY abcTparyBaHHI
o momem Ismara. Hampukiazn, v cerneroenektpukax tuny CsHo POy
npoToru Ha BomHeBuX 3B'A3kax O — H...O pyxaoTbcad B edeKTHBHO-
My OBOMIHIMYMHOMY TOTEHINA/l 1 MaloTh ABa IMOJOXKEHHA PIBHOBATH.
Omneparop kBasicmina S; = £1 onucye, B AKOMY 3 X MIHIMYMIB 3HAXO-
JUTHCA TIPOTOH, a €Heprid IPOTOHHOI KOHMITypalil €

H=- Z[{USZSJ - ZK?ZSZ (01)
(i5) d

— Bigommii TamiabToHIaH Momesi Ismara. Ileprmmit momaHoK ommcye
TOoIapHy B3aEMOII0 KBa3ICIHIHIB — HalOAMKYMX CYCIOIB, Opyrui —
B3aEMOIIIO 3 3OBHINIHIM €JeKTPUIHNM ITOoJIeM. ¥ BHIAAKY 1geabHO-
ro KpUCTaay KBasichminu (BOZHEB] 3B’A3KNM) PO3MIIIEHI ¥ By3JaX MEBHOI
IPaTKH 1 cUCTeMa € TpaHCAATIHO iHBapiaHTHOIO: Kj; = K(ﬁi — R}),
Ki = k. Y gacTkoBo gelitepoBanomy Kpucraiai Cs(Hyi_yDy)2 POy 1a-
CTHHA BOAHEBUX 3B A3KIB 3acejieHa JeiiTpoHaMu 3aMiCTh IPOTOHIB, TOO-
TO MaeMO ABa copTu KBasicmiuiB. CoproBa KoudIrypalid Moxke OyTH
ommMCcaHa MPOEKIITHIMEI OnepaTopamMu

b 1, AKIO Ha BY3JIl ¢ 3HAXOAUTHCA KBAa3ICIIH COPTY o
o — . .
0, #Kuo 1HIHMHE copT

a = H abo D. leiiTepoBaHi BOAHEBI 3B A3KH 1HAKIIE B3a€MOMIIOTH 3
moJieM Ta IHIMAMHU KBa3iCIIHAMIE, 1 1€ BUPa’Ka€ThCA HACTYITHUMH CITIB-
BLIHOUICHHAMHA

K; = E IfiaXia; ]Xij = E [X/ioc,jﬁXiochﬁ . (02)
o Oéﬁ

Huxue mu 3YIIMHUMOCH Ha ABOX MOZKJINBUX CKCIICPpUMEHTAJIBHUX CUTY-

amax.
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HepiBuoBaxxuuii 6esnan (HPB)

3a "ac cmocTepekeHHA (BUMIPIOBAHHA) HPOTOHW | HeHTPOHEH He MOKH-
JTafoTh CBOIX BOIHEBUX 3B A3KIB, HO3BOJAECTHC JIUIIE MEPECKOK B IHIINH
HOTEHII AJBHAE MIHIMYM Ha TOMY JK BOIZHEBOMY 3B’A3KY (Ha MOBI Momesti
e 03HaYaE, 1o MHOXKKMHA duces { X;, }, Kl 3a1a0Th cOpToBY KOHDITY-
parifo, 3aJHIIacThCA HESMIHHOIO), B TOM Yac AK CHCTEMa BCTUTAE TPOHiTH
BeJIMKe 4YUCJIo ciiHoBux KoHdirypaiiit {5;}. Cucrema onucyerbes pos-
momisiom ['i6ca mo cmiHOBUX KOHMITYPAIlaxX

p({S}) = Z Lexp(—H/0); Z = Spysyexp(—H/0); 0 = kgT,. (0.3)

B AKOMY MHOXUHa unces {X;,} 3amaHa copToBow KoHMITypalli€n, pe-
aJal30BaHOIO B JaHOMY KpHcTasl. Tak K CIpaBXKHA COPTOBa KOHQITY-
paris He MoxKe 6yTu IeTanbHO BusHadeHa (MHOKWHA { X;o } MICTHT TIO-
PAIKY Uncsia ABOraapo HyJIB | OOMHHITS ), TO TOTPIOHO CKOPHCTATHCH Ha-
CTYIHUME MipKyBaHHAMEA. KpucTaa € MaKpOCKOMYHOIO CHCTEMOIO, SKY
MOZKHA YMOBHO PO3ALIUTH HAa BEJUKe YUCTO obyracTeil, KOXKHA 3 AKUX
€ y CBOIO 9epry MaKpOCKOIMYHOO cucTeMoo. TakuM duHOM, Yy KpUCTasl
MICTHTBCA MIINH aHcaMb/Ib MaKPOCKOMIYIHUX CHCTEM, KOXKHA 31 CBOEIO
copToBoio KoHgirypamieo. Tom 6yab-1Ka cocTepekKyBaHa BeJIMINHA €
cepemHIM 1o mpoMy ancam6maio. OTxe, 114 OOYHNCIEHHA CIIOCTEPEKYBA-
HUX BEJTMYWH HeoOXITHO BUKOHATH JBAa YCEPEIHEHHs — CHEPINY 3 PO3-
nonltom ['16ca

(-0 =5pgsylp({SH ()]

IpH 3aJaHlii copToBlit KoH(ITypalll, a MOTIM — 0 COPTOBUX KOHQITY-

pariax
(e =Spixy e ({X) ()]

3 meBHUM posmomiioM p({X}), AKui 3aMeXUTh Bil YMOB IPUTOTYBaH-
Hs cucTeMmu. ['0JIOBHY poJib BiAITpaloTh HANHUKYI MOMEHTH IIHOTO PO3-
L0y — KOHIEHTpalif KBasicHiHIB copTy a: ¢o = (Xja), Ta IMOBIp-
HICTHb BUABUTH Ha CYCIAHIX BY3JaX 4, j KBa3ICIIHN COPTIB « 1 3 BIAMOBII-
HO: Wqap = <Xi04Xjﬁ>x'

PiBuoBaxuuii 6esnan (PB)

SKIIO BOMHEB] 3B’ A3KM MOKYTh OOMIHIOBATHCH MPOTOHAMH 1 AefiTpoHaMu
1 3a 9ac BUMIPIOBaHHA BIAODYBAETHCA JOCTATHBO HAraTo TaKMX OOMIHIB,
TO PeaI3yeThCA PIBHOBAXKHA COPTOBA KOHMITYpaIlA 1 TEpMOINHAMITHE
yCepemHeHH
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p({S,X}) = Z7 exp(—H/0); Z = Spys x} exp(—H/0) (0.4)

mepenbadae mepebip BCIX CHIHOBHX 1 copToBUX KoHirypamii. [Tpu PB ma
BJIACTHBOCTI CHCTEMH BILIMBA€ TaKOXK HEeOOMIHHA, He3aIeKHa BlJ, CIIHIB

B3a€MOJI1 A
=D Vig==>_Y ViagsXiaXs,
(i5) (ij) af
AKY TeZXK CJIJ BKJIOYATH B TaMIJIbTOHIAH.
€ pI3HI MOXOAU 0 PO3PAXYHKY TEPMOAMHAMIYHUX XapaKTEPUCTHK
Takol Momesti. HaitmpocTitie Habmuxkenua MosekyapHoro mos (HMIT)
MOKHA OIIUCATH HACTYIHUMU [IEPETBOPEHHAMHU raMijibToHiaHa [9]

H = —% Z Kia jpSiaSjs — fomsm, Sia = 5iXsa,

0,73 To
1 . 1 1
H == (Kia + Aia)Sia + 5 3 Kiagpdmiyoml),  (0.5)
T to,j 3
Mo = D Kia gl dmy) = Sia = miZ)s miy) = (Sia),

JB

(...) mo3HaYae TMOBHe yCepenHEHH:A, AKe BiANoBimae Tumy Gesmamy. Y
HMIT #exTyoTh B3aeMomieio (DJIYKTYyalllil, aKa OMHCYE€ThCA OCTAHHIM 0~
naukoM y (0.5). HacTroBe BpaxyBaHHA GuIyKTyaniii Moxke OyTH 3mific-
HeHe y KJjacTepHoMmy miaxomi. IIpm mpbomMy B3aeMomid CIIHIB ¥ MeiKax
KJIacTepa BPAXOBYETHCS TOYHO, a B3aEMOid 31 CIiHAME, 10 HaJe-
JKaTh CYCIIHIM KJacTepaM — 3 JOMoMOroio edekTuBHOTO mosis. Hampu-
KJaj, y HabauxkeHHi nBodacTuHkoBoro kiaactepa (HAK) pisnanHaA ca-
MOY3TOKEHH 5

m;y = <Sio<>H, = <Sio<>H,j )

Hi =—| K+ Z r@i Sia r@i = Z r@iocXiom (06)

Hij = — lfi-l-zrsﬁi Sy — lfj-I-Zr@j S; — Ki;5:5;
r#£j r#£i

BU3HaYaE epeKTUBHI MOAA & (rPiq Ma€ 3MICT eDEKTHBHOTO TOJIHA, AKE
i€ Ha CIIH ¢ copTy a 3 BOKY CIiHA JOBIIBHOTO COPTY Ha BY3JIi 1) 3 YMOBH
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Puc. 1. TemmeparypHa 3aJeKHICTH CEPEIHBOTO 3HAYEHHS CITIHA m(ll)/cl
PO3BeNIEHOl CHCTEMN Ha TLTOCKiH KBaapaTHiil rparmi (z = 4) npu ¢q = 0.6
[10]. ?Kupna minia — pesyabrar HMIT (He pospisHse BUNAIKH PiBHO-
BaJKHOTO | HepiBHOBayKHOTO Oesmany), Touki — HIK. Jia PB mokasano
TaKOK IMOBIPHICTh w19 BHABUTH Ha Mapl CYCIOHIX BY3JIIB CIIHH COPTIB
112 (cnagae 3 MOHWIKEHHAM TEMIEPATYPH YePe3 TEHAEHIIO 10 PO3Iia-
PYBaHHHA CHCTEMH).

PIBHOCTI cepefHiX 3HaYeHDb CIHA, OOUNCACHNX 3 OMHOTIACTHHKOBUM H; 1
KJTacTepHUM H;; TaMiTbTOHIaHAMH.

HMII ¢ gyrawBuM TiIbKE A0 HafiHnmmdoro Momenty p({X}) (Tiae-
K# mepumit MoMeHT (X;o) = ¢q BXOAWTH y BCI OCTATOYHI BHPa3M).
Ile mpuBomuUTH mO TOTO, MO B MbOMY HAOJHMKEHHI HE PO3PIZHAIOTH-
cA CEerHeTOeIEKTPHUTIHI BiIacTHBOCTI cucTeMm 3 PB 1 3 HPB. Knactepme
HaOIMIKEHHA BPAaXOBYye HapHi KopenAmnil (HANPHKIIAL, IPYTHH MOMEHT
Wap = (XinX;p)) 1 pospisHAe cHCTEMH 3 PISHHME THIAMH OGesgamy
(MWB., HATPWKJIAM, MOBEIIHKY CEPENHBOTO 3HAYEHHA CIiHa — puc. 1).
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"ﬁ)(q) IneansHa cucTema (C, =1) ml(f)((j)/cl HMII, nnsa Beix C, andA Beix Z
< ¢
3 z= 4, HIK 4
25 | 35
3 L
2 L
25 1
15 2 r
1L 15
1 L
05T 05
0 0
0 0.5 1 15 2 0 0.5 1 15 2
m2(d) Poseegiena cuctema (C, = 0.6) m?(q) Poseesena cucrema (¢, = 06)
16 1 z=4, HPB, HIK | 16 z=4, PB, HIK

(

uc. 2. TemmeparypHa 3a1eKHICTH TAPHOTO KOPeNATOpa my7’ (§) 9ucToi
(¢c1 = 1) i possenenoi (¢; = 0.6) cucrem Ha MWIOCKIN KBagpaTHill rpaTii
(z =4) s HMII i 8 HAK npu pisHuX sHaUYeHHAX XBHJIBOBOTO BeKTOpa [11,
12]. g = 2(cos gza+cos gya), @ — mapaMmeTp TpaTkiu. Ty = 4 BianoBigac
¢ = 0 — menTpy sonu Bpinmoena, Ty = —4 — BepIIIHAM HepIIol 30HM
Bpimmoena.

Posraguemo masi BHIIAIOK PO3BEIEHOI CHCTEME, KOJU OJWH COPT CIIHIB
¢ B3aeMomifounM (K11 # 0), a Bcl iHII OMUCYIOTH HECETHETOETEKTPHIHI
(abo, AKIIO MU PO3IVIATAEMO MATHITHY CHCTEMY, — HEMATHITHI ) TOMIIIKY
(K1 = 0 Vo # 1). ¥V Bunmagky mepiBHoBazkHOTO Gesmany HMII mepen-
badae JiHIHE cTagaHHA TeMIepaTypu (pasoBoro mepexony 1. 3 pospe-
neunsm: T, = zKq1¢1/kg, ne ¢c; — KoHIlleHTpanis criuis copry 1, 2 —
mepiite KoopAauHariiiae gnciao rparku. ¥ HIK
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(z—Dwii+a

Tc :2[(11 k’B In
(Z -1 w11 — €1

BayBaKuMoO, MO y BUOAOKY wiy = c¢1 1. He 3MIHIOETBCIA TPH PO-
3BeeHHl. 3aKOHHICTh TaKol MOBEIIHKM OYEBHAHA — MHPH W] = Cf
(w1, = 0 Ya # 1) Bci B3aemogmiodl ciinn 3i6pani B OOHH KJacTep,
JOMIINTKN HE BTOPraloThCHA MIZK HUMH 1 HE BIUIMBAIOTH Ha BJIACTHUBOCTI
cucteMu. ¥ IbOMY BUIAIKY 1 TeMIepaTypHa MOBEIIHKA CePEIHbOTO 3Ha-
JeHHA CIIHA m(ll)/cl, 1 CHpUIRHATINBICTD, B3ATA HA OOUH B3aEMOIITOTIit
criu (x/c1) He MiHATOTHCA TpH posBemenni [12]. fArmo K y cucremi Mae
MicIle TIOBHHI COpTOBMI XaoCc — COPTH CIIHIB Ha CYCIAHIX By3Jax He
KOPEJIIOIOTh: Wag = CoCg (TaKa CHTyaIld MOZKe MaTH MicIe, AKIINO 3pa-
30K CHJIBHO HATPITH 1 MIBHAKO OXOJOIUTH JI0 TeMIepaTypu, TpH sAKii
mae Miciie HPB i coproBa Kondirypamnis He minsAeTses), 1o HIAK omnn-
cye MEePKOJAMIHL Apuiia: 1. cuamae MBUAIIE, HIZK ¢ 1 TP CHIBHOMY
po3sBemeHHl | ¢1 < ﬁ) CETHETOETIEKTPUYHE BIOPSAKYBAHHS B3araji He

BUHUKAE. SHIKHEHHA BIOPANKYBaHHA OB A3aHE 3 THM, IO Y CHIIBHO PO-
3BeeHiit cucTeMl 3HIKa€ HECKIHIEHHIH KIacTep B3a€MOIIIOUNX CIIHIB, €
JIFIe 1X CKIHYeHHI OCTPIBKH, 130/ IbOBAHI OAWH Bl OJHOTO HEB3AEMOMIIO-
YUME JOMIIIKaMu (CKiHYEH] KIacTepn). 3po3yMisio, o HepKoJAliiina
KOHIIEHTpallid ¢, (Ipu AKill 3HUKae HecKiHUeHHHH KiacTep 1 7T, saHy-
JIIOETHCS) 3aJI€KNTH JIAIIE Bl TeOMeTpii TPaTKHM, a TOMY 9acTO MOKE
Gy Tu pospaxoBaHa aHATITHIHO 1 B ycix Bunaakax (i3 Jo6poio ToIHICTIO)
— KOMII'TOTePHUMIT MeTonaMn. 3Ha4YeHHa ¢p, AKe gae HJIK, e uncennro
He ayxe mobpmuM, aje akicao HIIK 611bimr mocmigosHe Big 6araTbox 1H-
wux, 6iabi rpomizakux, meronis [13-15]. e omun edekT y pospeneniit
cHUCTeM] TMOKa3aHWii Ha puc. 2 — Kopessniiina pyHKI I

(@) =3 T (S
J

He sanyaoeTbed mpu 1 — 0. OTke CIpUiHATIUBICTD PO3BEIEHOL CHCTE-
MHI X ~ m(ﬁ) (§)/T posbiracThcsa Ipn HU3BKUX TeMIepaTypax. e Apuiie
TexK MOKe 6yTH obrpyHTOBaHe AKICHUME MIpKyBaHHAMMI. Posriamemo
CIIH copTy 1, oToueHnii 3BIAYCIIbL JoMilIKaMu. Bl He B3aeMoie 3 pelir-

To10 cucTeMu. KopenaTop cucTeMn HEB3a€MOMIIOUHNX CIHIB MOXKe OyTH

=0 .
pospaxosanuit Touno: m(?) (§) = 1—th? o "=" 1. OckinbKn 10718 TaKuX

130JIbOBAHNX CIIHIB y CHCTEMI He € HecKiHUeHHO Masto (2 = ¢1(1—ec1)?),
TO iX BHECOK TIOSICHIOE HECKIHUEHHY cpuiHATIUBICT pu T — 0. Takwuii
BHECOK JaloTh He TIIBKH 130/IbOBaHI CIIIHH, a B3araJl, byIb-aKl CKIHIeHH]
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Puc. 3. Temmeparypu crniHoBoro BropaakyBaHnH#A (Temmeparypn Kiopi,
TOHKI JIiHIT) 1 posutapyBana (GiHOmAI, KUPHI JiHI) pO3BENEHOI CHCTe-
mu (K11 = 1, K12 = K»p = 0) Ha mwiockiii kBagpaTHiii rpati npu pis-
HUX 3HAUYEHHAX IIapaMeTpa HeoOMIHHOI B3a€MOIil V = Vi1 + Vg — 230
pesynprarn HMIT i HOK. Jlinii posginators mapamaraitay (1), dbepo-
maraiTHy (IT) i posmaposany (I11) dasn.

kaactepu. llle onnn TposAB CKIHIEeHHNX KJIACTEPIB HaUNMO Ha MOBEIIHIIL
m(ll) (puc. 1). ¥ posseneniii cucremi m(ll)/cl < 1, 60 ckiHYeHH] KJIacTEPH
He JaloTh BHECKY B cIoHTaHHY mosdapmsario. Tak sk HMII aegytiuse
10 KOHTIEHTpaIIiHuX (BIyKTyaliiil, To BOHO He BIATBOPIOE MuX e(eKTIB.

Y sunanky PB poseemena Mmomens omnmcye MarHiTHU rpaTKOBMit ras.
Y miit Momem, KpIM MarHiTHOTO (a30BOTO MEPEXOyY, € Iie il mepexi,
moB’A3aHWil 3 posmapyBaHHAM cucTeMu. [Ipu HEU3BKUX TeMmepaTypax
IBOCOPTHA CHCTEMaA PO3MATacThcA Ha Bl dasu: onra 3 Hux (7 pignaa”)
sbaradena coproM |, apyra ("mapa”) Gararta nHa coprt 2. Temmepary-
pa mepexoay 1 KOHIEHTpallll CHiBICHY0UnX ¢dha3 BU3HATAIOTHCA KPHUBOIO
61momasi. Bepmmaa 6iHoma 1 BiATOBIAaE KPUTHUHINA TeMIepaTypl, BUIIE
AKOl 3HUKAE PISHUILA MIZK PiamHOIO 1 mapo. Ha pucynky 3 sobpaxkena
daszora miarpama momesmi 8 HMII 1 8 HIK. Buano, mo 8 HIIK mHeobmin-
Ha B3aeMomid 3MiHioe Temmeparypy Kiopi. lle sBuine MoxHa moscHITH
tak: npu V > (0 poslapyBaHHA CTa€ eHEPreTHYHO Iue GiIbLI BUTiLHE,
00 CIIHK OAHAKOBHX COPTIB B3a€MOIIIOTH CHJIBHINIE, HIZK PI3HOCOPTHI
CIIIHUT; Tl TPUBOAWTL A0 TOTO, IO CIIHE cOPTY | IPYNyOTHCA 1 BCTY-
MafoTh y B3a€MOJIII0, BIINB PO3BEIEHHHA OCIAOIIOETHCA, TEMIEPATYPA
Kiopi mapuinyeTbes.
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DE GENNES LIMIT: FROM SPIN
STATISTICS TO THE
MACROMOLECULES

Yu. Holovatch
Inst. Cond. Matt. Phys., Ukrainian Acad. Sci., Lviv, Ukraine

In this lecture we will show how the statistics of the (generalized)
Ising model leads to important results in physics of polymers. This anal-
ogy was first realized in the early 70-ies mainly due to works of P.G.
de Gennes [1] and now the limit m — 0 of the m vector model we will
consider here is often called the polymer or self-avoiding walk (SAW)
limit.

So let us start considering one of the generalizations of the Ising
model, the m vector model, describing a system of N interacting classical
vectors (7spins”) §Z of dimension m located in the sites R;, i =1... N
of d-dimensional hypercubic lattice. The Hamiltonian of the m vector
model given by:

H —ZKijgigj, (1)

i>j
Sio= {57, ... s,

and let us take that the interaction Kj; is be the nearest neighbours one:

(2)

Koo — K sites ¢, j are the nearest neighbours,
YT o otherwise.

We take the following spin normalization:
S =m, 3)
The equation for the partition function reads [2,3]:
Zn = Spe M (4)

here the trace means integration over the surface of a (m-dimensional
hypersphere

so) =] [ao, [ assp=iais - v )
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where [d§; stands for the integration over (m — 1) angles in m-
dimensional polar coordinates. Introducing the average over angles by:

<(..) >0:én/daj/ooo dS;Srra (1S = vm)(..),  (6)

where Q = S is the volume of the spin phase space

5 = 27Tm/2Lm—1 |
I'(m/2)

we can rewrite the partition function as:
ZN = Spe_m" =0« 6_ﬁ,H >0 . (7)

For the thermodynamic averaging with the Boltzmann factor e~/ we
will keep the notation < ... > and for any function of spin variables
G({gj}) the thermodynamic average is defined in terms of the average
over angles (6) by:

<G >= = < GePH >0 . (8)
4N

Our purpose now is to show that the expression (4) for the partition
function is essentially simplified if we pass to the limit m — 0. To do
this let us look on the expansion of Zy in the form of so-called high-
temperature series:

In =0 < Z (_i?{)] >0 . (9)
j=0 ’

Substituting the Hamiltonian (1) we get:

A Q<1—ﬁ2[(ij§i§j+
i>j

Ezzl(ijf(lm(SiSj)(SkSl)+...>0 . (10)
In order to calculate arising in (10) averages on one site j which are of

type:
< 9§82 5% >4, (11)
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(5% = S5') let us introduce the generation function:
flk) = <e™ >, (12)
kS = 3 kese (13)

Then the averages (11) will be given by:

a9 d
ko gkas gk li=o-

< SMEX2 SN > 0= (i)’a (14)

To calculate (12) we pass to the m-dimensional polar coordinates and
get:

. 27 T T
f(k) =< e > 4= L/ d(/>/ do, sinﬁl/ df(sin 02)2 . ..
Sm 0 0 0
/ dem_z(smem_z)m—2/ dSSm_lé(S_\/E)eikSCOSGm_Q _
0

0

['(m/2) k2pmp r(p+1/2)
ml/2 Z_: | —|—m/2)' (15)
Let us write several terms of the series (15):
I(m/2) T(1/2)
=0: — =1 1
p=0 /2 T(m/2) (16)
. CT(m/2)k*m  T(3/2) _ k¥ (17)
p== A2 9l T(m/2+1) 2
_ o L(m/2) k*m* T(5/2) mk* (18)
b= a/2 4 T(m/2+2) 8(m+2)
For the general term as, in (15) at m — 0 we have [3]:
(20 — 1)!'m!
| = lim =0 19
M, azp(m) = lim, @O)'m(m +2).. (m+20—2) (19)

[>2.

Returning back to the function f(k) we see that in the limit m — 0 it
has the following form:

fky=1-2, m=o0. (20)
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And for the averages (11) we have:

<SS > 0= 00,0, m=0, (21)
< 8% > =< S8 69 >i0=...=0, m=0. (22)

Equations (21), (22) we have just proven are sometimes called the the-
orem of moments and they lead to crucial simplifications in the calcula-
tion of the partition function (10). Rewriting series (10) for the partition
function we get in the limit m — 0:

Z v o gor
?N = <HeﬁK”Z 508 >0=
1>]
< [I( + 8Ky Zsasa ,(ﬁffijZS?Sf)z >0 . (23)
i>7 ' o

All the rest terms in the expansion of the exponent are equal to zero
because of the condition (22). Really the next term in (23) reads:

1
51 (0K > sese)? (24)

and will obviously contain the contribution 57! 57257 which after av-
eraging over the angles appears to be equal to zero.

Looking on the expression (23) we can see that typical term there is
of the form:

> BK ¢S it BKi S5 Sy (25)
ay,...oq

Because of the conditions (21), (22) only those terms will give non-zero
contributions, which contain the products of two spin variables Sf’S?j
on one site. The succesive contributions to Zx can be represented in
a form of graphs on a lattice. Let us put in correspondence to each
bond K;; joining the nearest neighbours the line and each site ¢ will be
represented by the product S;* S . The above construction leads to the
result that the only allowed graphs are those, represented by the closed
loops on the lattice, as shown in the Fig. 1. The four-bond loop shown
there is represented by the following term of the perturbation theory
expansion:

(B)* < Z SytS51 S5 85255° 5, Syt ST Ko Kos KgaKar >1,23 40=

14y

Q1,...004

6[X Z 6051705260(270(3(50(370(4 Qg,001 — (6[\) (26)

01,...004
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Note that each of the above described loops can not intersect itself:
the intersection would mean the appearance of term

< STSTASIST i (27)

which is to be equal to zero because of (22).

™~ Koz 3

Ky K3y

" | Ka1 \
1

4

Figure 1. Closed loops on the lattice correponding to the only allowed
graphs entering expansion of the m vector model partition function Zy
in the limit m — 0 (23). The four-bond loop in the lower left corner
corresponds to the term (26). To each of the sites {1,2,3,4} there corre-
spond terms S7 ST, 557557, 550550, SSEY. And the sum 7

1s to be taken.

So the expression for the partition function is represented as a sum
of all possible loops of different number of bonds (changing from 2 to N)
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and reads:

Iy Y
Z L

i>2

where ./\fi(L) 1s the number of distinct loops of ¢ steps without intersections
which can be placed on the lattice. Recalling that we are working in the
limit 1m — 0 we rewrite (28) as

q = 1. (29)
To some extend we obtained the trivial result: correspondingly normal-
ized partition function of the system of vectors with m = 0 components
equals 1. But as far as we have seen how the statistics of SAWs does
appear in the spin problem at m — 0 let us study now in the same limit
the spin-spin correlation function:

1 —fH
<SPSF >= o < SPSfe >y (30)
Again we put the exponent into series and represent the result in the form
of graphs as it was done above. But now every term of our expansion
will contain also the factor S;*S7" and typical contribution will be of the
form:

(3K) < 57 ( Z SIS SISy - SELSI) ST i, o=

1,00

(BK)! Z 8o ardar,an - Oap,a = (BK). (31)

1y

In graphic form this will correspond to a path of non-intersectcing walks
(=SAWs) of [ steps joining points ¢ and j, as shown in the Fig. 2. And
the resulting expression for the spin-spin correlation function < S;*S7 >
will be represented in a form of a sum (over /) of all possible walks of
steps joining points ¢ and j. So we have proven the fundamental theorem:

N
<8252 > hnmo = S Ni, )(OK Y, (32)

>1

where N (i, j) is the number of distinct SAWs of [ steps joining points i
and j in [ steps.

Total number of distinct SAWs of [ steps which start at point 7, N
is connected with A (7, ) by:
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5

i J

Figure 2. Self avoiding walk on the lattice correponding to one of the
allowed graphs entering expansion of the m vector model spin-spin pair
correlation function < Sf*S¢ > |n=o (32). In this particular case points
i and j are linked by the SAW consisting of { = 22 steps. Due to (31)
the contribution of this graph equals (3K)?2.

and 1n the limit of large [ = N > 1 the following asymptotic expres-
sioin is expected for this number (see e.g. [2]):

NNNENN’Y_la (34)

Z being non-universal constant. Let us show now that the exponent ~
entering (34) is the magnetic susceptibility critical exponent of the m
vector model in the limit m — 0.
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First let us prove the relation between the magnetic susceptibility xr
and the spin-spin pair correlation function Si*S3. Let the Hamiltonian
of the m vector model at the presence of external magnetic field be given
by:

H=-> KiS5—HY S (35)
i>] i
where H is the external magnetic field applied in such a way that it
couples only the component S of the vector S;. Then defining the mag-
netization by:

K3

1
M =< ZSZO‘ >= ESP(Z Sfce—ﬁ?-l)’ (36)

we can derive the following relation for the isothermal magnetic suscep-
tibility:

= ()= A S s} -

1 /02
7 (5),Srsre™) + %Sp(; SpSRemPHy =

Agsnsis™ - (S see) ) o

K3

Or, returning to the definition of the averages we get:
vr=p{ < (3 smPs—< st ) (38)

This relation connects isothermal susceptibility with the fluctuations of
magnetization and is called the fluctuation-dissipation theorem.

Returning back to the formula (32) we can express the isothermal
susceptibility at zero external magnetic field at 7" > T, in terms of the
correlation function < S57*S7" > and connect it with the total number
of SAWs of [ steps which start at the point ¢. The following qualitative
proof belongs to P.G. de Gennes [2]. For the magnetic susceptibility one
has:

N
Xr o= By <SESE>=p8Y N(BK) ~
J

1>1
N 1 K3
By PR = k’B—TZ(k’B—T)lW_l’ (39)

>1 1
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where in the last equality A is substituted by its asymptotic value (34).
The series (39) is convergent for the small values of 7" and diverges when
T reaches the critical value

Kz
T=T,="- (40)
kg
Considering temperatures close to Te: T' > T one can write:
T=T.(147)~T.e", (41)
with
T =T
T= T
and ) T )
C Nlpy—1 —Tlyy—1
~ D= =— =, 42
XT inT Zl:(TceT) ipl. lee (42)
Or, passing from the sum )", to the integral fooo dl we get:
xr ~T1 7, (43)

which identifies the exponent 5 introduced by (34) with the critical ex-
ponent for 1sothermal susceptibility.

Similary it may be shown that the size of the region accesible for the
SAW which is defined by the mean square end-to-end distance < R? >
corresponds to the correlation length of the magnetic system and the
exponent v introduced for / = N > 1 as

< R >~ N%, (44)

equals to the correlation length & critical exponent v of the m — 0 vector
model:

§~ ()7 (45)
Thus the main result we obtain in thislecture is that the statistics of
long polymer chains (= SAWs) at N > 1 can be described in terms of
that of m — 0 vector model at 7 — 0. Let us note as well that the tem-
perature of magnetic system is not connected with those of the polymer
system: whereas the magnetic system posesses the critical behaviour at
7 — 0, the cirtical behaviour of the polymer system we were considering
here appears in the limit of long chains N > 1.
The last analogy allowed for a lot of important results in the physics
of polymers based, in particilar, of the application of the field theoretical
approach to the theory of critical phenomena [2,4,5].
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