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… dynamical generation of Dirac cones 

… emergent Lorentz invariance 
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Quantum criticality: 

• Essential singularities close to QCP  

• Power laws right at QCP

Isotropic QBT in 2D
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LSM SSB

g

QCP

Disordered phase: 

• Stable semimetal 

• Emergent scale invariance

… despite finite DOS
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Review: BKT transition
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Classical 2D XY model:

HXY = −

X

hi ji

Si · Sj

'
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2

Z

d2r (r„(r))
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with Si ⌘ S(ri ) ⌘
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cos „(ri )
sin „(ri )

«

: R2
7! S1
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… in continuum limit

[Herbut, CUP ’07]
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Closed contour C ∈ R
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Isolated vortex:

„(r) = q¸ where r = r
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Vortex proliferation
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Free energy (isolated vortex): Phase diagram:

TTBKT

+
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+ +
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− −

−

−

vortex plasma  

disordered

vortices suppressed  

algebraically orderedTransition temperature:
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ı

2
<latexit sha1_base64="2GDbRtDoL7aayxx81KZVbV5nUbE="></latexit>
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2
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Duality transformation: Sine-Gordon model
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XY model:
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1
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i ;—̂
cos(„i−„i+—̂)
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vortex picture … “Coulomb plasma”

spin angles
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Phase diagram:
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Renormalization group
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Flow equations:
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Critical behavior and algebraic order
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“Luttinger” fermions on kagome lattice
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Hopping Hamiltonian (spinless fermions):
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0
X

hhi jii

c
†
i cj + H.c.

<latexit sha1_base64="LEPqcUksWd+f/J6jv/6cTyQQN7A="></latexit>

Spectrum:

"±(q) =
1

2
[−(t + 3t 0)± (t − 3t 0)]q2 +O(q4)

<latexit sha1_base64="xw/u3HuQRMfp3wLle4REQXpy2LQ="></latexit>

2.0

0.0

−2.0
M Γ K M

(b)

Γ K

M

✏ ±
(k

)/
t

... choose t’ = -t/3 for simplicity

Interactions:

Hint = V1

X

hi ji

c
†
i cic

†
j cj + V2

X

hhi jii

c
†
i cic

†
j cj

<latexit sha1_base64="QUapUN3X/eCEYBD/JfaoXXFgb7Y="></latexit>

… V1,2 > 0 repulsive 

… V1,2 < 0 repulsive

1/3 filling



Low-energy field theory

!13

Effective Lagrangian:

L =  †
ˆ

@fi + (@2x − @2y )ff1 + 2@x@yff3
˜

 −
g

2
( †ff2 )

2 + : : :
<latexit sha1_base64="aK4Mk5oIhfa9N7MepHCggpmUFsY="></latexit>

 =

„

 1

 2

«

two-component

<latexit sha1_base64="SBw7TDnSOPs476cQHDuKB16fzzs="></latexit>

... g > 0 repulsive

... g < 0 attractive
<latexit sha1_base64="GkDOUafR7e0FxAeT1UfL+r++1xQ="></latexit>

... higher-order terms, such as g 0( †ff¸ )@i@j( 
†ff˛ )

... irrelevant
<latexit sha1_base64="I0m3bzAs9hfcgxhdd1+IbrITTyU="></latexit>

Fierz completeness:

( †ff2 )
2 = −2 ∗

1
 1 

∗
2
 2 = −( † )2 ∝ ( O )2

<latexit sha1_base64="wS+aoJvjPWNAxVEYaK0uOkchScg="></latexit> ... single interaction channel

Comparison with microscopic model:

g ≡

2(V1 + V2)

t
<latexit sha1_base64="Drfg+F+dONK8XruIjHt+xzbm1Ic="></latexit>

→

a → 0

... g ∼ V1 + V2 marginal

... g 0
∼ V1 − V2 irrelevant

<latexit sha1_base64="MtxRtb/0WBnChgZl3LjHjlquG30="></latexit>
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Phase diagram

!14

RG flow:

dg

d ln b
=

g2

4ı
+ : : :

dg 0

d ln b
= −2g 0

+ : : :
<latexit sha1_base64="3kgXKGrK3TPJc7YPUkcDdpgGJJk="></latexit>

Phase diagram:

QBT SSB

g0

g’

[Sun et al., PRL ’09] 

[Zhu et al., PRL ’16]

... g ∼ V1 + V2
... g 0

∼ V1 − V2
<latexit sha1_base64="yRCRH7hTcfEkSlOo7mq8XDJIlPI="></latexit>

DMRG (checkerboard):

QBT

SSB

[Sur et al., PRB 18]



0

0

2

4

6

−2

−4

−6

−2−4−6 2 4 6

g
T

a)

Spin-1/2 fermions (N = 2)

Interactions:

Lint = g0( 
† )2 + g1

ˆ

( †ff1 )
2 + ( ff3 )

2
˜

+ g2( 
†ff2 )

2

<latexit sha1_base64="VrUaKL14TW3csIZPgMhQsoxZja4="></latexit>

four-component

Phase diagram:
QAH

QSH

QBT

… for g0 = 0

[Murray & Vafek, PRB ’14]

QCP

… or nematic

g1

g2



Critical behavior: Partial bosonization

!16

Technical trick:

d = 2 7! d = 2 + ›
<latexit sha1_base64="YSlWvWc+m0R+8g8owg2EueOeGFw="></latexit>

QBT SSB

g0

RG flow:

dg

d ln b
= −›g +

g2

4ı
+ : : :

<latexit sha1_base64="vywuJnlEMPk3B9B2SHFXkAWgxN8="></latexit>

Fixed point: g? = 4ı›
<latexit sha1_base64="GSFsDuqwzyolnIY2hGkR4AWsOmk="></latexit>

... for 0 < › ⌧ 1
<latexit sha1_base64="DXOWeEye3uWW7nqvQvjFG6JNv90="></latexit>



Critical behavior: Partial bosonization

!16

Technical trick:

d = 2 7! d = 2 + ›
<latexit sha1_base64="YSlWvWc+m0R+8g8owg2EueOeGFw="></latexit>

QBT SSB

g0

RG flow:

dg

d ln b
= −›g +

g2

4ı
+ : : :

<latexit sha1_base64="vywuJnlEMPk3B9B2SHFXkAWgxN8="></latexit>

Fixed point: g? = 4ı›
<latexit sha1_base64="GSFsDuqwzyolnIY2hGkR4AWsOmk="></latexit>

g? ∝ ›
<latexit sha1_base64="VVkQ/8xSaHz8oSopL9VmjdR/HB0="></latexit>

... for 0 < › ⌧ 1
<latexit sha1_base64="DXOWeEye3uWW7nqvQvjFG6JNv90="></latexit>



Critical behavior: Partial bosonization

!16

Technical trick:

d = 2 7! d = 2 + ›
<latexit sha1_base64="YSlWvWc+m0R+8g8owg2EueOeGFw="></latexit>

QBT SSB

g0

RG flow:

dg

d ln b
= −›g +

g2

4ı
+ : : :

<latexit sha1_base64="vywuJnlEMPk3B9B2SHFXkAWgxN8="></latexit>

Fixed point: g? = 4ı›
<latexit sha1_base64="GSFsDuqwzyolnIY2hGkR4AWsOmk="></latexit>

g? ∝ ›
<latexit sha1_base64="VVkQ/8xSaHz8oSopL9VmjdR/HB0="></latexit>

Hubbard-Stratonovich transformation:

→
<latexit sha1_base64="65yrkM9pklDuHiBudUIcL4uwhEA="></latexit>

g
<latexit sha1_base64="0RVuteroUM3ohfGI7y1Gq1I6TFc=">AAACL3icbVDLSsNAFJ34rPHV6kZwEyyCq5JUQZdFNy5bsFpoitxMburQmUmYmSgl9Avc6of4NeJG3PoXTh+CWg8MHM65lzn3RBln2vj+m7OwuLS8slpac9c3Nre2y5Wda53mimKbpjxVnQg0ciaxbZjh2MkUgog43kSDi7F/c49Ks1RemWGGPQF9yRJGwVip1b8tV/2aP4E3T4IZqZIZmrcVZy+MU5oLlIZy0Lob+JnpFaAMoxxHbphrzIAOoI9dSyUI1L1iknTkHVol9pJU2SeNN1F/bhQgtB6KyE4KMHf6rzcW//O6uUnOegWTWW5Q0ulHSc49k3rjs72YKaSGDy0BqpjN6tE7UECNLcd1Q4USH2gqBMi4CBMQjA9jTCDnZlSEOvnmvwJpkJNE41v0yLVdBn+bmyfX9VpwXKu3TqqN81mrJbJPDsgRCcgpaZBL0iRtQgmSR/JEnp0X59V5dz6mowvObGeX/ILz+QWwhKnX</latexit>

h
<latexit sha1_base64="EaZsD7eIIOkJOBa2hkKDGxpvF7s=">AAACL3icbVDLSsNAFJ34rPHV6kZwEyyCq5JUQZdFNy5bsFpoitxMbuzQmUmYmSgl9Avc6of4NeJG3PoXTh+CWg8MHM65lzn3RBln2vj+m7OwuLS8slpac9c3Nre2y5Wda53mimKbpjxVnQg0ciaxbZjh2MkUgog43kSDi7F/c49Ks1RemWGGPQF3kiWMgrFSq39brvo1fwJvngQzUiUzNG8rzl4YpzQXKA3loHU38DPTK0AZRjmO3DDXmAEdwB12LZUgUPeKSdKRd2iV2EtSZZ803kT9uVGA0HooIjspwPT1X28s/ud1c5Oc9Qoms9ygpNOPkpx7JvXGZ3sxU0gNH1oCVDGb1aN9UECNLcd1Q4USH2gqBMi4CBMQjA9jTCDnZlSEOvnmvwJpkJNE41v0yLVdBn+bmyfX9VpwXKu3TqqN81mrJbJPDsgRCcgpaZBL0iRtQgmSR/JEnp0X59V5dz6mowvObGeX/ILz+QWyT6nY</latexit>

h
<latexit sha1_base64="EaZsD7eIIOkJOBa2hkKDGxpvF7s=">AAACL3icbVDLSsNAFJ34rPHV6kZwEyyCq5JUQZdFNy5bsFpoitxMbuzQmUmYmSgl9Avc6of4NeJG3PoXTh+CWg8MHM65lzn3RBln2vj+m7OwuLS8slpac9c3Nre2y5Wda53mimKbpjxVnQg0ciaxbZjh2MkUgog43kSDi7F/c49Ks1RemWGGPQF3kiWMgrFSq39brvo1fwJvngQzUiUzNG8rzl4YpzQXKA3loHU38DPTK0AZRjmO3DDXmAEdwB12LZUgUPeKSdKRd2iV2EtSZZ803kT9uVGA0HooIjspwPT1X28s/ud1c5Oc9Qoms9ygpNOPkpx7JvXGZ3sxU0gNH1oCVDGb1aN9UECNLcd1Q4USH2gqBMi4CBMQjA9jTCDnZlSEOvnmvwJpkJNE41v0yLVdBn+bmyfX9VpwXKu3TqqN81mrJbJPDsgRCcgpaZBL0iRtQgmSR/JEnp0X59V5dz6mowvObGeX/ILz+QWyT6nY</latexit>

1=r
<latexit sha1_base64="QuBbvXOGlK7wZSoaviGXyJHiiOs=">AAACMXicbVDLSsNAFJ3UV42vVjeCm2ARXNWkCrosunFZ0arQFLmZ3NShM5MwM1FK6Ce41Q/xa7oTt/6E04fg68DA4Zx7mXNPlHGmje+PnNLc/MLiUnnZXVldW9+oVDevdZorim2a8lTdRqCRM4ltwwzH20whiIjjTdQ/G/s3D6g0S+WVGWTYFdCTLGEUjJUugwN1V6n5dX8C7y8JZqRGZmjdVZ3tME5pLlAaykHrTuBnpluAMoxyHLphrjED2ocediyVIFB3i0nWobdnldhLUmWfNN5E/b5RgNB6ICI7KcDc69/eWPzP6+QmOekWTGa5QUmnHyU590zqjQ/3YqaQGj6wBKhiNqtH70EBNbYe1w0VSnykqRAg4yJMQDA+iDGBnJthEerki/8IpEFOEo1v0UPXdhn8bu4vuW7Ug8N64+Ko1jydtVomO2SX7JOAHJMmOSct0iaU9MgTeSYvzqszct6c9+loyZntbJEfcD4+AbtVqlY=</latexit>

... for 0 < › ⌧ 1
<latexit sha1_base64="DXOWeEye3uWW7nqvQvjFG6JNv90="></latexit>



“Luttinger-Yukawa” theory

!17

Lagrangian:

L =  †
ˆ

@fi + (@2x − @2y )ff1 + 2@x@yff3
˜

 +
1

2
ffi(r − c@2fi − @2x − @2y )ffi− hffi †ff2 

<latexit sha1_base64="gcA6/W/aMtQzzXsKL/5Bf2Ytj+k="></latexit>

“Yukawa” coupling“meson”

tuning parameter parametrizes z = 1 (ffi) vs. z = 2 ( )
<latexit sha1_base64="2m6OzXx6ogWJ8KseuBzpRNwtA1M="></latexit>

... ffi4 coupling irrelevant for › > 0
<latexit sha1_base64="CHRokTrss3FdgWppGkb63JuV/gQ="></latexit>

Equivalence to L :
<latexit sha1_base64="eIaGSSabIH+yihMv0qXGqz+NAws="></latexit>

g ≡

h2

r
<latexit sha1_base64="CE58Q/GHDt7xDjmWzB9QZI5idrs="></latexit>

Order parameter:

hffii =
h

r
h †ff2 i

<latexit sha1_base64="lXWG40LoX7lMt7zww9jcXXs6tGs="></latexit>

... assume g > 0
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QCP

h
2

8π
<latexit sha1_base64="L48z38OOtDJ8eHF/xgYkCh82I1I="></latexit>
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RG flow

!18
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h
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<latexit sha1_base64="L48z38OOtDJ8eHF/xgYkCh82I1I="></latexit>
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Quantum critical fixed point (ε > 0)

!19

Couplings:

r? =
2

›

c? =
1

4
−

›

8

h
2

?
= 8ı(1− ›)

<latexit sha1_base64="SNyUoajpJJNFQkBBJXiRhbvPEwU="></latexit>

→ equivalent to g? =
h
2

?

r
= 4ı›

<latexit sha1_base64="PQ2IysO9jhtxV1gW+wUrKRN2J70="></latexit>

Critical exponents:

”ffi = 2− 2›
›→0
−−→ 2

” = 0

z = 2

⌫ = 1=›
›→0
−−→ ∞

<latexit sha1_base64="eg2MD1oXiOqTJIp/bCnTiBnFxeQ="></latexit>



(Careful) 2D limit ε → 0

!20

Effective potential in d = 2:

Veff(ffi) =
1

2g
ffi2

−

1

16ı
ffi2

„

1− ln
ffi2

4

«

+
1

(16ı)2
g

2
ffi2

„

ln
ffi2

4

«2

<latexit sha1_base64="B7JHPfEvcSwrWZJ4LpJTgAykl7s="></latexit> ffi
<latexit sha1_base64="nj+sO/pjGBEz0q9tXo3o27NkU7o=">AAACSXicbVDLSsRAEJys7/WtRy/BRfC0JiroUfDiUcFVwSzSmXTcwXmEmY6yhP0Fr/pPfoGf4U08OVlX0NWCgaKqm6mutJDCURS9Bo2Jyanpmdm55vzC4tLyyurahTOl5djhRhp7lYJDKTR2SJDEq8IiqFTiZXp3XPuX92idMPqc+gV2FdxqkQsOVEtJ0RM3K62oHQ0R/iXxiLTYCKc3q8FOkhleKtTEJTh3HUcFdSuwJLjEQTMpHRbA7+AWrz3VoNB1q2HYQbjllSzMjfVPUzhUf25UoJzrq9RPKqCeG/dq8V+vVsgY6cYCUH7YrYQuSkLNv/7PSxmSCetCwkxY5CT7ngC3wp8Q8h5Y4ORrazYTixofuFEKdFYlOSgh+xnmUEoaVInLv/mvLA70MGh9os/jK47HC/1LLnbb8V5792y/dXQ8KnuWbbBNts1idsCO2Ak7ZR3GWY89sif2HLwEb8F78PE12ghGO+vsFxoTn2q3tAk=</latexit>

Veff
<latexit sha1_base64="TE9EEW4XcbacDkQ21NbQxiNfJLs="></latexit>

g = 0
<latexit sha1_base64="EES17vvXpMuFIt/UU2fLMy0FmE4="></latexit> g > 0

<latexit sha1_base64="c05G0HzllyhBb1G7few4f+nkmOw="></latexit>

... from fully integrating out ψ

Order parameter:

hffii / e
−8ı=g

<latexit sha1_base64="ynfHvUtRIJu5aAekgn9Y0jpf+bo="></latexit> ... essential singularity

... c.f. hffii / (‹g)2=(d−2) for d > 2
<latexit sha1_base64="S+6Q0RBpq8Jf6BXu+4ufOgJIQOw="></latexit>

Critical “isotherm”:

h / hffii‹ with ‹ = 1
<latexit sha1_base64="Pjx5fyrFB7U4q8KsT2Dx6Rocj5g="></latexit>

... in agreement with hyperscaling

... ‹ =
d+z+2−”ffi

d+z−2+”ffi
= 1 for ”ffi = 2, z = 2

<latexit sha1_base64="B9ZGiiHIx5gT7AFplr1pmHaoU5Y="></latexit>



Correlation length and hyperscaling

!21

Correlator near criticality:

hffi(0;p)ffi(0; 0)i−1 ⇠
<latexit sha1_base64="6Cdav8QRAbV+UC5+XAEYqu8uhp0="></latexit>

p p

Correlation length:

‰ ∝ e4ı=g (“⌫ = ∞”)
<latexit sha1_base64="B6GXLEIRzXETJM4/rEstQ4teLSY="></latexit>

… for g > 0 

... as expected from marginal g

Hyperscaling:

Veff(hffii) / ‰−(d+z) with z = 2 and d = 2
<latexit sha1_base64="uQ7J3Ckh45deMy4SrLEH379h+Sk="></latexit>

... fulfilled despite marginally irrelevant ffi4 coupling
<latexit sha1_base64="wbsZJg0RKNP5qVa18qZgDod4oRM="></latexit>



Semimetallic fixed point: Luttinger semimetal

!22

Couplings:

r? = ∞

c? =
1

4
−

›

16

h
2

?
= 4ı(2− ›)

<latexit sha1_base64="D4HwDHb+V7CBYfgeCeEffjzSvOs="></latexit>

→ equivalent to g? = 0
<latexit sha1_base64="XokDvWsVGlcVZ6yt6bj/g9GoZ3o="></latexit>

Critical exponents:

”ffi = 2− ›
›→0
−−→ 2

” = 0

z = 2<latexit sha1_base64="cY7SAmHHDAmWTH5DXj+y4oocfus="></latexit>

→ scale-invariant phase: “LSM” … à la 3D QBT @ large N 

[LJ & Herbut, PRB ’17]



Algebraic “order”

!23

Correlator in semimetallic phase:

hffi(0; r)ffi(0; 0)i /
1

|r|4
for all g  0

<latexit sha1_base64="fgQMrqnqQP0M1Fn+LGvDIlL8Gmk="></latexit>

... i.e., ”ffi = 2
<latexit sha1_base64="KlOOiG8mtKL77QK+4Z3fcRwS080="></latexit>

Phase diagram:

LSM SSB

g

QCP

‰ = ∞

emergent scale invariance
<latexit sha1_base64="p97QaKQFcdTVzeABXvveoR8LHUE="></latexit>

‰ < ∞

dynamical band gap
<latexit sha1_base64="ywG6lXqaaxTWdPFi6YHTj+R8W+A="></latexit>

essential singularity [Ray, Vojta, LJ, arXiv:1910.XXXX]



Phenomenological analogy: 2D QBT vs. BKT

!24

2D QBT

+

BKT

Semimetallic phase (g < 0):

Ordered phase (g > 0):

… emergent scale invariance

... with z = 2 and ”ffi = 2
<latexit sha1_base64="/35g7aG0MDJ62kaWuqZ4vGjb86g="></latexit>

... with ” =
T∞

2ı
≤ 1

4
<latexit sha1_base64="xmF0/DMVq7tFbVJVWJ1a6xD2a8o="></latexit>

… gapped

Metallic phase (t > 0):

Critical behavior:

Dielectric phase (t ≡ T−Tc

Tc

< 0):
<latexit sha1_base64="I1JINtpBWeT2ZuD4XGtyu2ChHOk="></latexit>

hei„(r)e−i„(0)i / e
−|r|=‰

<latexit sha1_base64="qYgzeqW0nhO9X8s+R7SWJgKilqE="></latexit>

hffi(0; r)ffi(0; 0)i / e−|r|=‰
<latexit sha1_base64="yVIpXULgP3PkUppvvd6K7FLejJk="></latexit>

hei„(r)e−i„(0)i /
1

|r|”
<latexit sha1_base64="ByyP6awQCVPTVlOeviZAqh7Hifk="></latexit>

hffi(0; r)ffi(0; 0)i /
1

|r|z+”ffi
<latexit sha1_base64="toP8YSATXLUEPNBpgx1VQnkbvhU="></latexit>

‰ ∝ e4ı=g (g > 0)
<latexit sha1_base64="oRTmFepiH2HRfp3dZMcTw/GlgsU="></latexit>

‰ ∝ eC=
√

t (t > 0)
<latexit sha1_base64="aYr3VWxRM4hz7OCLlBtOH5FxaaA="></latexit>

h / hffii‹ with ‹ = 1 (g = 0)
<latexit sha1_base64="IcfMIvhmDSxzVu2TdwJEImKytTI="></latexit>

h / hei„(r)i‹ with ‹ = 15 (t = 0)
<latexit sha1_base64="TPYEAgWCGebwlgUpB0SAuLpt5Xo="></latexit>

… essential singularity

… power law

Critical behavior:



z = 2 QCP in bilayer honeycomb model

!25
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reachable by tuning 

both g and tw! → talk by S. Ray

… accessible to QMC

[Ray, Vojta, LJ, PRB ’18]



Summary

!26

LSM SSB

g

QCP

essential singularities 

& power laws

scale-invariant phase 

with nontrivial exponents
gapped


