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Classical vs quantum criticality

CoNb>Og T —0

Critical Ferromagnet Paramagnet

Liquid .
point

O
“‘ Magnetic field
Quantum

critical point

Pressure

[Coldea et al., Science "10]
[Kinross et al., PRX "14]
[Morris et al., Kaul, Armitage, Nat. Phys. '21

Temperature




Deconfined quantum criticality (D — i) /3
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Deconfined quantum criticality
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QCP N o SKw)
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©
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Q) y
B\ g Néel VBS N [Ma et al., PRB "18] [Senthil et al., Science
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al‘t/'c/e [Shao, Guo, Sandvik, Science
S

04
13
13’
'16




Fractionalized quantum criticality

{y

Ordered state Quantum spin liquid

[Isakov, Melko, Hastings, Science '12
[Assaad & Grover, PRX '16]
[LJ, Wang, Scherer, Meng, Xu, PRB ’20]

Quantum spin liquid #1

[Metlitski, Mross, Sachdev, Senthil, PRB ’15]
J ILJ & He, PRB '17
[Boyack, Lin, Zerf, Rayyan, Maciejko, PRB '18]




Goal: Fractionalized transition in microscopic model ?l
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Outline

(2) From Kitaev to Kitaev-Kugel-Khomskii




Kitaev spin-1/2 model

Hamiltonian:

H=K Z ofo; + K Z oiof + K Z 0707

blue links green links red links

— talks by N. Perkins, Y. Matsuda,

R. Valenti. ... [Kitaev, Ann. Phys. '06]
,



Kitaev spin-1/2 model

Hamiltonian:

H=K Z ofo; + K Z oiof + K Z 0707

blue links green links red links

Majorana representation:

Ib*c

o/ — ¢’ =ib’c

o* — o~

07 3 5% = ib*c

. | — talks by N. Perkins, Y. Matsuda,
1 spin 4 Majoranas

with gauge constraint R. Valenti, ... [Kitaev, Ann. Phys. "06]
7



Kitaev spin-1/2 model

Hamiltonian:

H=K E ofo; + K E oiof + K E 0707
blue links green links red links
Majorana representation: Fractionalization:
o — 0" =ibc

o’ — o0 =ib’'c

07 3 5% = ib*c

~y

H—H=iKY (ib'b])ci

i)y =" 4

with |d;;, H| =0 = static Z; gauge field!
H - -
Ground-state flux pattern: u =1
| . — talks by N. Perkins, Y. Matsuda, [Lieb, PRL "94]
1 spin 4 Majoranas

with gauge constraint R. Valenti, ...

7

[Kitaev, Ann. Phys. '06]



Kitaev-Heisenberg spin-1/2 model

Hamiltonian:

H = K20707+J25’61
(i)~ (ij)

... possible relevance to o-RuCls, NazlrO3, NaxCoxTeOeg, ...



Kitaev-Heisenberg spin-1/2 model

Hamiltonian:

H = K20707+J26’EJ
(i)~ (ij)

Phase diagram: K>0J=0 ... possible relevance to a-RuCls, NaalrOs, Na>Co,TeOe, ...
| liquid
Zigzag L Néel

J=Acosp
K = 2Asinp

... from 24-site ED: [Chaloupka, Jackeli, Khaliullin, PRL '13]



Technical callnge: yna | ae fi

... ho sign-problem-free QMC available: [Sato & Assaad, PRB ’'21]

— talk by F. Assaad



Kitaev spin-orbital models

Spin-orbital generalization: T l T l
o% 2x2 TP =" 4x4

... can realize all 16 topological SCs:
[Chulliparambil, et int., LJ, Tu, PRB "20]



Kitaev spin-orbital models

Spin-orbital generalization: T l T l
—0—O— -
—8—0—
o% 2x2 TP =" 4x4
... can realize all 16 topological SCs:
[Chulliparambil, et int., LJ, Tu, PRB "20]
Hamiltonian: H =K E Ji- 0 ® 7-177-]'.7

Kitaev orbital

Heisenberg spin s ‘



Kitaev spin-orbital models

Spin-orbital generalization: T l | T l
s ~
o 2x2 c* QTP =7 4x4
... can realize all 16 topological SCs:
[Chulliparambil, et int., LJ, Tu, PRB "20]
Hamiltonian: 1 — K Z Gi G Q1T

Kitaev orbital

Heisenberg spin s ‘

Majorana representation: Fractionalization:

o’ @ 7% = ibtcX

o’ Q1Y = [b°c”

0¥ @ T = ib3c® (i)
X — Y X : A ~ ]
o- @1 =1ic’c with [di;, H| =0
O'Z X 1 = I.CZCX ) ] ... cf. also [Yao & Lee, PRL '11]



Outline

(3) Kitaev-Heisenberg spin-orbital models
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Kitaev-Heisenberg spin-orbital model

Hamiltonian:
H=KS 6 G;orm +J) & 6 o1,
(if)~ iy . ¥
— 1(¢ Lai) - (¢Lg)

with [d;j, H] = O still static!

11



Kitaev-Heisenberg spin-orbital model

Hamiltonian:
H=KS 6 G;orm +J) & 6 o1,
(if)~ iy ... ¢
— 3¢ La) - (¢lg)

with [d;j, H] = O still static!

Phase diagram:

l [ I’ "
Na” NG N N7 N7 © T e T e
T T © CiaLC C C
.|. .I' XX? l!f l!f O?O < A A> # < /B JB>
AN N ”\ﬁw \ﬁV “spin density wave”
I |
Kitaev spin-orbital liquid SO(3) Kitaev liquid

0 J/K

11



Gross-Neveu-SO(3)* transition

IDMRG:

:
0.5+ A-A-A-*-A-A-*-A:;-A-A-*-A-A-*-A-A-A 11.0

 J
=
()|
wl
P

0.0 —e-0-0-0-0-0-09®

— ———————100
0.1 03 05 07 09 1.1 1.3 1.5 1.7 19
J/K

... on cylinder with L, = 4 unit cells
g g [Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL "20]
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Gross-Neveu-SO(3)* transition

IDMRG:

|
AAdh-A-A & +A Ak-A-Ak-A-AA

1 1.0

— 10
0.1 03 05 07 09 L1 13 15 1.7 19

J/K

... on cylinder with L, = 4 unit cells

Phase diagram:

| ( A 1f
N SN O N N7 NN ©
oy g8E i dp  g&e
AN NS A NLY N
P o
Kitaev spin-orbital liquid SO(3) Kitaev liquid
0 W JIK

(J/K)e = 0.9(2)

[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL ’20]
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Gross-Neveu-SO(3)* transition

IDMRG:

05} A-A-A--A-A-A-*-A:;-A-A-*-A-A-*-A-A-A 11.0

— 10
0.1 03 05 07 09 11 13 15 1.7 19

J/K

... on cylinder with L, = 4 unit cells

Effective field theory:

S = /d2>?d7'

Phase diagram:

| ( A 1f
N SN O N N7 NN ©
oy g8E i dp  g&e
AN NS A NLY N
P o
Kitaev spin-orbital liquid SO(3) Kitaev liquid
0 W JIK

(J/K)e = 0.9(2)

[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL ’20]

“Gross-Neveu-SO(3)"

PV 0u + g6 P12 @ D)y

> [Ray, lhrig, Kruti, Gracey, Scherer, LJ, PRB '21]



Sign-problem-free bilayer model

Hamiltonian:

... with SO(3) x Ux(1) x Uc X Zy symmetry

13



Sign-problem-free bilayer model

Hamiltonian:

Spin-
P 1 matr,'CeS

H=—tY chon—JY (chimivey)

(iJ) /

QMC structure factors:

~ (cfLc) “SO(3) semimetal”

... with SO(3) x Ux(1) x Uc X Zy symmetry

45 . 1 '
T\ L=4 —@—
Sso(3)(r) U(1)§(F) 1.=6
| L=4 e . L=8 @~ - ,,
30 [ =6 [ =10 —@— ~<c1c2 interlayer coherence
[=8 i
15 |- L=10
: o991
Oo—kﬁ/i : ; l
0.2 0.4 0.6 1 1.2




Sign-problem-free bilayer model

' : S tri
Phase diagram: ymmetric SO(3) semimetal
semimetal

384 28e 33e
— e &,

“Spin-orbital liquid” Je1 “SO(3) Kitaev liquid” Je2 “Gapped liquid” J



Sign-problem-free bilayer model

Phase diagram: Symmetric SO(3) semimetal
semimetal
\, v,
? ? X S X o S g a
O O
“Spin-orbital liquid” Jcl “SO(3) Kitaev liquid” Jc2 “Gapped liquid”
Fermion spectral J=0.30 W J=0.70 J=1.10

function:

W/t
S P, NN W K= U1 O




Sign-problem-free bilayer model

Phase diagram: Symmetric 50(3) semimetal
semimetal
v, v,
g?? o e °2e
[ O
Spin-orbital liquid cl SO(3) Kitaev liquid c2 Gapped liquid
Fermion spectral 7=0.30 W 7=0.70 7=1.10
6 - -

function:

W/t
S P, NN W K= U1 O

Quasiparticle weight:

J=0.40 —A—
Z(k=K)=6 -------- :
J=0.50 —<—

X thyxtey |

0 003 006 009 012 015 0.18
1/L

Z(k=K) N/
= N w I Ul D ~J
g x-; |
N |
<




Gross-Neveu-SO(3) transition at J X?X — 2?2

o S(T + dk)
Correlation ratio: R. =1
5(T)
1 \ \ 1
L=12,=12 —>X—
L=15,=15 +—— 1/v=0.906, J.,=0.461
0.751 ;13 §=18 o 0.8} cl . * o
L | pSO® P ~ . o>
R 0.5 ¢ RU(I) . S Q)06 = 1 o
; Y % g = 1/v=0.906(35)
025 L=15,,5=15 : @ . 0.41 @B& ”iga i% | = -
L=18,5=18 o © [—1%8=18 o
« — AA—A A B 0.2 \ e
bz 0.425 O:}S 0.475 0.5 09 06  -03 I 0 03 06
J

... cf. 1/v=10.93(4) and ne = 0.83(4) from field theory (N = 12)

r [Ray, lhrig, Kruti, Gracey, Scherer, LJ, PRB '21]



Gross-Neveu-SO(3) transition at J XXX — 2?2

- S(T + dk)
Correlation ratio: R. =1
5(T)
1 \ \ 1
L=12,=12 —>X—
L=15,4=15 +—s— 1/v=0.900, J,,=0.461 ®
0.75) 118, p=18 0.8 ¢ e
R SO0) _ 2
<os) ROV RS " | 1/v = 0.906(35
, L=12, =12 °< h @“’EV L=9,8=9 = /’/ — V. ( )
0.251 [=15,p=15 —&— 0.4} o™ fi?‘g’ﬂj? —s—
1=18, 8=18 o © ”;g’ﬂ;g o
: o ~—An—n BN 0.2 \
®.2 0.425 0.45 0.475 0.5 09 06 03 0 0.3 0.6
J JL
Order parameter: 12 + +
L=9,8=9 = ¢
=12,4=12 —=
w8 L=154=15 >
=~ =18,4=18 < o
L e = 1ng = 0.470(13)
\-’/q 4 OE@EV
o & @ 1,=0.470
) 06 03 0 03 06 ... cf. 1/v=0.93(4) and ne = 0.83(4) from field theory (N = 12)
jL]/V [Ray, lhrig, Kruti, Gracey, Scherer, LJ, PRB '21]



Order-to-order transition at Je

Correlation ratios:

16

X e — 900
[ O
1 w 1 |
L:6: . TV =
=9 —v FEeo s o << N
=12 —H v se—H—K—X
=15
\, =18 — [ =6 —x
aaé\\? =9= Y
N e =12 —&
TS B =15
V& =18 —&
O0.9 0.96 1.02 1.08 1.14 00.9 0.96 1.02 1.08 1.14
J J

[Liu, Vojta, Assaad, LJ, PRL '22 (Editors’ Suggestion)]



Order-to-order transition at Je

Correlation ratios:

Critical couplings:

X

n
0o L b O &N
[0 <«

~, = S
LN
X : <
; S5 % E
0.9 0.96 1.02 1.08 1.14
J
1.01 -
0.99 |
N
-)
N SO(3)
SQ Jc2 (L
0.97 ¢ u(l)
Jc2 (L) 5
u(l)
J, tall
0955 0.05 0. 0.75 0.2

16

X« [k

X [
X <[

M 4 X

= J:

SO(3)  ,U(1)

> = J5"" unique!

'Metallic decontined Q

—

CP ‘

08 1.14

|

—l|

[Liu, Vojta, Assaad, LJ, PRL '22 (Editors’ Suggestion)]
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Conclusions

Kitaev-Heisenberg spin-orbital model: Effective bilayer honeycomb model:
© © ©
—X—?X __9%e 45 —in . oXe 926
0.5 A-A-*-A-A-A-*-A:L-A-A-*-A-A-*-A-A-: 11.0 SSO(B)(F) ‘ SU(I)KF) I]%g —@—
04| 0..-" 30 | L=4 A . L=8 —e—
03 :~‘ _ =6 +— .=10 —@—
16 02| ," los = L=8 +— :
~ . p 15 L L=10
0.1 N
R
0.0 9
— ;'f ————————100
0.1 03 05 07 MR 1.1 1.3 15 1.7 19

Meta IiC
deconfined QCP?

Gross-Neveu-SO(3)* Gross-Neveu-SO(3)

[Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL '20] [Liu, Vojta, Assaad, LJ, PRL '22 (Editors’ Suggestion)]
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Order-to-order transition at Je

v/ 7/
\/ g—>®®
o

Free energy:

[ q X

g

0.9 0.93 0.96

0.99 1.02 1.05

Correlation lengths:

1Y [72S(7)

i £% =
2d 3 -S(7)

0.9 0.95 1

[Liu, Vojta, Assaad, LJ, PRL '22 (Editors’ Suggestion)]
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SO(N) generalization

SO(N) Majorana-Hubbard models SU(N) Hubbard-Heisenberg models
00 | | | | ///I | ///I
o o @ @
= = = =)
& & & &
5 X X X
~ X op Cé =
i =
2.5 2 i
@ P,
X =
1.667 | | | |
2 4 0

[Affleck & Marston, PRB ’88
[Read & Sachdev, NPB 89
[LJ & Seifert, PRB '22] [Lang, Meng, Muramatsu, Wessel, Assaad, PRL '13]




Kitaev-Ising spin-orbital model |
(04 —Q—_H—e_

Ising perturbation: J\\\‘V n I I
CX

=) — ) — 1 —

H=H J? 07 @ 1;1; . .
KT Za, 7 @ Ll Ising spin order

(i)

0 JZ /K



Kitaev-Ising spin-orbital model |
(04 —Q—_H—e_

Ising perturbation: J\\\‘V n I I
CX

=) — ) — 1 —

H=H J* 07 @11
KT ZG 7 Ising spin order

(iJ)

0 JZ /K

Parton representation: K
727/0«\'

N /

His Y [2Kuy(£1f+ £16) + 407 (n; — 4

(iJ) /‘7\
Fe1, £

Ground-state flux pattern:
[Lieb, PRL '94]

= ______ - - — - — — — ——— — ‘_}‘

Spm orbltal model — mteractmg fermlons on n—flux Iattlce




Spinless fermions on m-tlux lattice: QMC

&

0 ;; V/t

Gross-Neveu-Z»> universality:

N
&

N
&

Charge density wave

(V/t). = 1.281(2)

1/v = 1.12(1),

Ng — 0.51(3)

0.40 |
0.35|
0.30 |
0.25
5 020}
0.15|
0.10|
0.05
0.00 L

1.28 132 136 140 1.44
\Y

[Wang, Corboz, Troyer, NJP
[Li, Jiang, Yao, NJP

[Huffman & Chandrasekharan, PRD ’17; PRD

[Gracey, |IJMP

[LJ & Herbut, PRB

[lliesiu et al., JHEP

[Ihrig, Mihaila, Scherer, PRB

'14
'15]
'20]

'04]
'14)
18]
'18]




Spinless termions on m-flux lattice: QMC pan T __

0.35

0.30 X
@ 0.25
. ,

@ £ o020f §
O 0.15| i

O 0.10} {

0.05]

0.00 A a0y

Charge density wave 128 132 136 140 144

V
[Wang, Corboz, Troyer, NJP '14]
0 V/t [Li, Jiang, Yao, NJP '15

(V/t). = 1.281(2) [Huffman & Chandrasekharan, PRD '17; PRD '20]

[Gracey, |JMP '94

Gross-Neveu-Z; universality: 1/v=112(1), mne = 0.51(3) (L) & Herbut, PRB '14
[lliesiu et al., JHEP '18

[lhrig, Mihaila, Scherer, PRB '18

Spin-orbital model:

I
o4 Gross-Neve U—ZQ* —Q@—i1—Q@—

- J\‘\‘\‘ / -G ) ) —

Ising spin order

0 %73 J2/K

(Jz/ K)c — 0642(2) [Seifert, Dong, Chulliparambil, Vojta, Tu, LJ, PRL "20]



Example: Kagome-lattice Bose-Hubbard model

Hamiltonian:

H=-t)

(i)

bj b + bib}

+V > (no)’
O

... bj hard-core bosons

24

[Isakov, Hastings, Melko, Nat. Phys. "11]



Example: Kagome-lattice Bose-Hubbard model VARV VARV
Hamiltonian: AQAQAQAQ
gy JIX
=2 [t £V ) _(no) A XX X )

(iJ)

... bj hard-core bosons

Phase diagram:

T/t

Topological
spin
liquid

(V/1), v/t

24 [Isakov, Hastings, Melko, Nat. Phys. "11]



Example: Kagome-lattice Bose-Hubbard model

Hamiltonian:

H=-t)

(i))

Phase diagram:

T/t

Superfluid

blTbj + b,‘b}L + \/Z(no)2
) ) O

... bj hard-core bosons

Quantum
'\ critical

fan

Topological

spin
liquid

(V/b), v/t

Entanglement entropy:  Sh(A)=al—v+ ...

24

... In spin liquid phase

[Isakov, Hastings, Melko, Nat. Phys. "11]



Quantum critical scaling: XY*

Superfluid density:

0.4

0.3

psl

0.2

0.1

Co)

O OL=6

o @[ =12

@[ =18

%@ @[ =24

tb. @[ =30

@ @/ =36

o\
PN
S .

Ry

| | ! | ! | ! | ! | ! | '
-6 -4 -2 0 2 4 6 8

[(V/8) = (V/D) LV

[Isakov, Hastings, Melko, Nat. Phys. "11]

v~ 0.067 = Vxy

25



Quantum critical scaling: XY*

Supertluid density: Two-point superfluid correlator:
© 0.01 | 1 —
04+ @ - — [ 1+1.493 -
O OL=6 - .
QS @L=12 i i
@[ =18
% @[ =24 N i
_ 03f ‘3% o[ =30 S | )
Q) @9 @/ =36 G/
I Q
\ 0.001 |~ —
0.2 F i ]
@, i ’
.. B _
o) i _
By
0.1 : I : I : | | : | : | : — B | | | | | | | |
8 6 -4 -2 O - 4 6 8 12 8 24 30 36 48
[CV/t) = (v/t) LY L
[Isakov, Hastings, Melko, Nat. Phys. "11] [Isakov, Melko, Hastings, Science '12]
v =~ 0.67 = vxy n ~ 1.49 #+ nxy ~ 0.038

Order parameter composite of fractionalized particles!

... cf. n7 = 1.47 from XY field theory

[Calabrese, Pelissetto, Vicari, PRE '02]
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Finite-size spectroscopy: Ising vs Ising™®

Transverse-field Ising: Transverse-field toric code:

He s efe Y ) | ER) w | R w

<’./ I S IEs p IEp

26



Finite-size spectroscopy: Ising vs Ising™®
Transverse-tield Ising: Transverse-field toric code:

’H:—JZHJ JZ”O’ —hZa

S |IEs IEP

Ising™

S-S o 9
ngéﬁgﬂ

L A !

35L§§@éﬁ§9'

30} & Eﬁ}@g
><25'§ ﬁggggsﬂ |

20} A 85888 W
Lyt P88gsenne® :

10f |

5f gihzaéé

leoe0s88880  tancsanna | 1= BF ooy Eeeeeeedeed i

2 22 24 26 2 3

3 “les

g Oy O

-
12 . -
: I =6k '
SR i % oT + AV (5 32)
X
o
L2
|
-

0 g6 o680 © 6 |

ms, 0.00 0.02 0.04 0.06 0.08 0.10 - 0.00 0.02 0.04 0.06 0.08 0.10
Winy,, 1/N \ L/N
\)\
AP
QC? [Schuler, Whitsitt, Henry, Sachdev, Lauchli, PRL ’16]



Gross-Neveu vs Gross-Neveu*

Gross-Neveu-Z5
17.5 1
- ® QMC
15.0 - \\\ O ED
12.5 e
x\
~ 10.0- | AN
X [TT====2Et = - \.\ Y
g 75 Lt AN Vozoo--0
\\\\ F======l__
_____‘____0__:\_\_\_0____9_____
—czo g :::::fﬁ\:\::ﬁ:::::
Q----Q@--—-—-O0————__ O - - Isc=

0.10 015 020  0.25

L/v/N;

@1 - Il FVH O

[Schuler, Hesselmann, Whitsitt, Lang, Wessel, Lauchli, PRB '21]

Gross-Neveu-Z>* (schematic)

15.0 —

(2¢)r

Chern

Kekule

oT

... testable in future simulations



Gross-Neveu-SO(3) criticality

Field theory:

S = /d2>?d7'

PyH0, Y + g@ - Yo @ L)y +

28

1

55(—63 + m*)@ + \@ - )

[Ray, lhrig, Kruti, Gracey, Scherer, LJ, PRB '21]



Gross-Neveu-SO(3) criticality

Field theory:

S = /d2>?d7'
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Comparison of exponents: Gross-Neveu-Heisenberg
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2018 0.85
2018 0.80
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