
Lukas JanssenLukas Janssen

Jan BiedermannShouryya Ray

Interaction effects in Bernal 

and twisted bilayer graphene



(1) Introduction 

(2) Interaction-induced Dirac cones 

(3) Competing nematic & antiferromagnetic orders 

(4) Twist-tuned quantum criticality 

(5) Conclusions

ℓ �

Outline

2



(1) Introduction 

(2) Interaction-induced Dirac cones 

(3) Competing nematic & antiferromagnetic orders 

(4) Twist-tuned quantum criticality 

(5) Conclusions

ℓ �

Outline

3



Graphene

4

t

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states



Graphene

4

t

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

Low-energy spectrum:

“Dirac cone”

<latexit sha1_base64="0HkwG26l6wWnnkwm0+3rtQitznE="></latexit>

with f1=a0 = vF~=a0 = 3t=2 ' 4 eV

<latexit sha1_base64="QktZRYE5pIzz39RKrskJB4DWXRw="></latexit>

... for a0 ' 0:142 nm, t ' 2:7 eV

<latexit sha1_base64="4vSEsSTuXYbXuqDn5d7pn5+ZxnU="></latexit>

"K+q = ±f1q +O(q2)



Interactions

5

Coulomb repulsion:

<latexit sha1_base64="jVAJ0fbABt0Xv/qIqy6Eu1+IXc0="></latexit>

V (r) ∝
e
2

r
unscreened

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states



Interactions

5

Coulomb repulsion:

<latexit sha1_base64="jVAJ0fbABt0Xv/qIqy6Eu1+IXc0="></latexit>

V (r) ∝
e
2

r
unscreened

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

Fermi velocity renormalization:

F
 (

10
6

 m
 s

¬
1 )

n (1010 cm¬2)

3

2

1

¬40 ¬20 0 20 40 60

ν

E

k

… from SdH oscillations

[Elias et al., Nat. Phys. ’11]



Interactions

5

Coulomb repulsion:

<latexit sha1_base64="jVAJ0fbABt0Xv/qIqy6Eu1+IXc0="></latexit>

V (r) ∝
e
2

r
unscreened

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

Transport:

1/ρ

1/ρL

-50 -25 0 5025
0

2

6

4

Vg (V)

σ
(1

/k
Ω

)

 20K

 100K

 180K

 220K

 260K

1/ρ

1/ρL

-50 -25 0 5025
0

2

6

4

Vg (V)

σ
(1

/k
Ω

)

 20K

 100K

 180K

 220K

 260K

 

–

– 7he device’s ma[imum r

–

brief, our procedures involved measurements of suspended graphene’s conductance 

–

–

[Morozov et al., PRL ’08]

Fermi velocity renormalization:

F
 (

10
6

 m
 s

¬
1 )

n (1010 cm¬2)

3

2

1

¬40 ¬20 0 20 40 60

ν

E

k

… from SdH oscillations

[Elias et al., Nat. Phys. ’11]



Bernal bilayer graphene

6

AB stacking



Bernal bilayer graphene

7

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

t

t⟂

[McCann & Fal’ko, PRL ’06]



Bernal bilayer graphene

7

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

t

t⟂

[McCann & Fal’ko, PRL ’06]

Low-energy spectrum:

“Quadratic band touching”

<latexit sha1_base64="pkyJRiZKCBaALux7BDPqaouvc60="></latexit>

with f2=a
2

0
= 3t2=(4t⊥) ' 20 eV

<latexit sha1_base64="AZ8A72zgixUevRfsXqYk4CLrXqc="></latexit>

... for t ' 3 eV, t⊥ ' 0:3 eV [Malard et al., PRB ’07] 

[Zhang et al., PRB ’08]

<latexit sha1_base64="iUo84597bzKBGDthSdS9CXrwX9o="></latexit>

"K+q = ±f2q
2 +O(q3)



Trigonal warping

8

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

t

t⟂

tw



Trigonal warping

8

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

t

t⟂

tw

Warping-induced Dirac cones:



9

Trigonal warping

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

t

t⟂

tw

Warping-induced Dirac cones:



10

Trigonal warping

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

t

t⟂

tw

Low-energy spectrum:

<latexit sha1_base64="y7Cd8cvrNMfQsEyTdf6h2KXWBb0="></latexit>

with f1=a0 =
p
3tw=2 ' 0:09 eV ⌧ f2=a

2

0
⇡ 20 eV

<latexit sha1_base64="PGdSZfGna+PtiR6In6AY/y7+8p4="></latexit>

... for tw ' 0:1 eV

<latexit sha1_base64="VBHGjfYDdKA9U8Qoa9hE4SVmVz4="></latexit>

... for q ⌧ f1=f2 ' 0:004a−1

0

<latexit sha1_base64="eJMQabz4eajus7RQk/hKaAltPig="></latexit>

"K+q = f1q ± f2q
2 cos 3’+O(q3)

<latexit sha1_base64="7ezMovMZp0JR1Y7FhDOxJpnL6AU="></latexit>

tw > 0

Berry charge 

Q = +2

Berry charges 

Q = −1 + 3×(+1)

−1+1

+1

+1

+2



10

Trigonal warping

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states

t

t⟂

tw

Low-energy spectrum:

<latexit sha1_base64="y7Cd8cvrNMfQsEyTdf6h2KXWBb0="></latexit>

with f1=a0 =
p
3tw=2 ' 0:09 eV ⌧ f2=a

2

0
⇡ 20 eV

<latexit sha1_base64="PGdSZfGna+PtiR6In6AY/y7+8p4="></latexit>

... for tw ' 0:1 eV

<latexit sha1_base64="VBHGjfYDdKA9U8Qoa9hE4SVmVz4="></latexit>

... for q ⌧ f1=f2 ' 0:004a−1

0

<latexit sha1_base64="eJMQabz4eajus7RQk/hKaAltPig="></latexit>

"K+q = f1q ± f2q
2 cos 3’+O(q3)

<latexit sha1_base64="7ezMovMZp0JR1Y7FhDOxJpnL6AU="></latexit>

tw > 0

Berry charge 

Q = +2

Berry charges 

Q = −1 + 3×(+1)

−1+1

+1

+1

+2

Experimentally accessible?



Interactions:

11

Coulomb repulsion:

<latexit sha1_base64="eftInkDtig0lRKisWomftZB+yt8="></latexit>

V (r) ∝
e
2

r
e−r=r0 screened

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states



Interactions:

11

Coulomb repulsion:

<latexit sha1_base64="eftInkDtig0lRKisWomftZB+yt8="></latexit>

V (r) ∝
e
2

r
e−r=r0 screened

Transport:

[Bao et al., PNAS ’12]

Full gap?

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states



Interactions:

11

Coulomb repulsion:

<latexit sha1_base64="eftInkDtig0lRKisWomftZB+yt8="></latexit>

V (r) ∝
e
2

r
e−r=r0 screened

Landau levels:

C

[Mayorov et al., Science ’11]

Partial gap?

Transport:

[Bao et al., PNAS ’12]

Full gap?

Γ ΓΚ Μ

<latexit sha1_base64="7qZyxDtW69j8Kf0X3+SvAdx33Fc="></latexit>

"F

<latexit sha1_base64="gcR1xNOeAm/EE5+HhrL9AbDMiJM="></latexit>

"q

Density of states



(1) Introduction 

(2) Interaction-induced Dirac cones 

(3) Competing nematic & antiferromagnetic orders 

(4) Twist-tuned quantum criticality 

(5) Conclusions

ℓ �

Outline

12



Spinless fermions on Bernal bilayer

13

Hamiltonian:
<latexit sha1_base64="tD9AAhLXUVrdOPlgfmdNjZxLLq0="></latexit>

H0 = −t

X

hi ji

2X

‘=1

a
†
i‘bj‘ − t?

X

i

a
†
i1bi2 + h.c.

t

t⟂



Spinless fermions on Bernal bilayer

13

Hamiltonian:
<latexit sha1_base64="tD9AAhLXUVrdOPlgfmdNjZxLLq0="></latexit>

H0 = −t

X

hi ji

2X

‘=1

a
†
i‘bj‘ − t?

X

i

a
†
i1bi2 + h.c.

t

t⟂

Spectrum:

K M Γ

1.0

0.0

1.0

−

ε
(k

)/
t ⊥

(a)

Γ

K K

M

Γ

0.0 0.2 0.40.1 0.3



Spinless fermions on Bernal bilayer

13

Hamiltonian:
<latexit sha1_base64="tD9AAhLXUVrdOPlgfmdNjZxLLq0="></latexit>

H0 = −t

X

hi ji

2X

‘=1

a
†
i‘bj‘ − t?

X

i

a
†
i1bi2 + h.c.

t

t⟂

Spectrum:

K M Γ

1.0

0.0

1.0

−

ε
(k

)/
t ⊥

(a)

Γ

K K

M

Γ

0.0 0.2 0.40.1 0.3

Low energy:

<latexit sha1_base64="7BfeHM2FAIvISZzVC0QaXFPiU5M="></latexit>

"K+q = ±f2q
2 + f3q

3 cos 3’+O(q3)

<latexit sha1_base64="8BmKft5PalTPRZ4EUqgU7p2YQgM="></latexit>

with f3=a
3

0
= f2=(2

p
3a2

0
) ' 6 eV

… significantly larger than f1/a0



Interactions

14

Coulomb repulsion:

<latexit sha1_base64="I8cTKKLiCnBOJnT1nJAnOVB3BSU="></latexit>

Hint = V

X

hi ji

2X

‘=1

(ni‘ −
1

2
)(nj‘ −

1

2
)



Interactions

14

Coulomb repulsion:

<latexit sha1_base64="I8cTKKLiCnBOJnT1nJAnOVB3BSU="></latexit>

Hint = V

X

hi ji

2X

‘=1

(ni‘ −
1

2
)(nj‘ −

1

2
)

V

Feynman diagram:



Interactions

14

Coulomb repulsion:

<latexit sha1_base64="I8cTKKLiCnBOJnT1nJAnOVB3BSU="></latexit>

Hint = V

X

hi ji

2X

‘=1

(ni‘ −
1

2
)(nj‘ −

1

2
)

V

Feynman diagram:

Strong-coupling limit:

+

+

+

+

+

+

+

+

−

−

−

−

−

−

−

−

Charge-layer polarization



Interactions

14

Coulomb repulsion:

<latexit sha1_base64="I8cTKKLiCnBOJnT1nJAnOVB3BSU="></latexit>

Hint = V

X

hi ji

2X

‘=1

(ni‘ −
1

2
)(nj‘ −

1

2
)

V

Feynman diagram:

Strong-coupling limit:

+

+

+

+

+

+

+

+

−

−

−

−

−

−

−

−

Charge-layer polarization Full gap opening

<latexit sha1_base64="WrjmiKXhZMAvxHt/2c+I8Yzf1f8="></latexit>

V � t2=t⊥



Intermediate coupling

15

Self-energy corrections:

[Ray, Vojta, LJ, PRB ’18]

… technical obstacles: two-loop, nonrelativistic & anisotropic propagator 

… trick: real-space evaluation [Groote et al., NPB ’99]



Intermediate coupling

15

Self-energy corrections:

linear in q !
<latexit sha1_base64="RxQsrqDUO1m/sUm3028zxAZHMVE="></latexit>

∝ (f3=f2)V
2
O(q)

[Ray, Vojta, LJ, PRB ’18]

… technical obstacles: two-loop, nonrelativistic & anisotropic propagator 

… trick: real-space evaluation [Groote et al., NPB ’99]



Intermediate coupling

15

Self-energy corrections:

Effective spectrum:

−1+1

+1

+1

+2

Low T

linear in q !
<latexit sha1_base64="RxQsrqDUO1m/sUm3028zxAZHMVE="></latexit>

∝ (f3=f2)V
2
O(q)

[Ray, Vojta, LJ, PRB ’18]

… technical obstacles: two-loop, nonrelativistic & anisotropic propagator 

… trick: real-space evaluation [Groote et al., NPB ’99]



Intermediate coupling

15

Self-energy corrections:

Effective spectrum:

−1+1

+1

+1

+2

Low T

linear in q !
<latexit sha1_base64="RxQsrqDUO1m/sUm3028zxAZHMVE="></latexit>

∝ (f3=f2)V
2
O(q)

<latexit sha1_base64="tcutMUMbTUSkw7+r+wl2Jkvc4lE="></latexit>

f eff
1

=a0 ⇠ V 2=(t2=t⊥) ⇠ O(1 eV) � tw

[Ray, Vojta, LJ, PRB ’18]

… technical obstacles: two-loop, nonrelativistic & anisotropic propagator 

… trick: real-space evaluation [Groote et al., NPB ’99]



1.5

1.0

0.5

0.0

GN3

GN3

D Q D

−∞ −10
3

−1 −10
−3

0 10
−3

1 10
3

∞

f1/f2

g

(a)
gc

Q

Renormalization group flow

16

Effective Hamiltonian:
<latexit sha1_base64="qsPJHhOUF0hS9yJG4cSOYCBTNJo="></latexit>

H0 ∝ f eff
1

O(q) + f2O(q2) + f3O(q3)

[Ray, Vojta, LJ, PRB ’18]



Phase diagram

17

T

0
Interaction

Insulator

Nonrelativistic 
semimetal

Dirac 
semimetal

<latexit sha1_base64="IRseWYO9HPwPabE5dl5/oI6nrkE="></latexit>

C ∝ e
−∆=T

<latexit sha1_base64="TgpyRB63BCfcd0B2q85Dig06zc4="></latexit>

C ∝ T
2

<latexit sha1_base64="kaCSvPt1jcelbRed5m8+I/8iVnc="></latexit>

C ∝ T

[Ray, Vojta, LJ, PRB ’18]



Phase diagram

17

T

0
Interaction

Insulator

Nonrelativistic 
semimetal

Dirac 
semimetal

<latexit sha1_base64="IRseWYO9HPwPabE5dl5/oI6nrkE="></latexit>

C ∝ e
−∆=T

<latexit sha1_base64="TgpyRB63BCfcd0B2q85Dig06zc4="></latexit>

C ∝ T
2

<latexit sha1_base64="kaCSvPt1jcelbRed5m8+I/8iVnc="></latexit>

C ∝ T

Bernal bilayer  graphene

[Ray, Vojta, LJ, PRB ’18]



(1) Introduction 

(2) Interaction-induced Dirac cones 

(3) Competing nematic & antiferromagnetic orders 

(4) Twist-tuned quantum criticality 

(5) Conclusions

ℓ �

Outline

18



Spin-1/2 fermions on Bernal bilayer

19

Toy Hamiltonian:
<latexit sha1_base64="fWbh4+R5s9iUFybv3PkyxM0J994="></latexit>

Hint = U

X

i

2X

‘=1

(ni‘" −
1

2
)(ni‘# −

1

2
) + V

X

hi ji

2X

‘=1

(ni‘ −
1

2
)(nj‘ −

1

2
) + : : :

… with parameters chosen to stabilize antiferromagnetic and/or nematic orders

[Ray, LJ, PRB ’21]



Spin-1/2 fermions on Bernal bilayer

19

Toy Hamiltonian:
<latexit sha1_base64="fWbh4+R5s9iUFybv3PkyxM0J994="></latexit>

Hint = U

X

i

2X

‘=1

(ni‘" −
1

2
)(ni‘# −

1

2
) + V

X

hi ji

2X

‘=1

(ni‘ −
1

2
)(nj‘ −

1

2
) + : : :

… with parameters chosen to stabilize antiferromagnetic and/or nematic orders

nematic

antiferromagnet

co
ex

ist
en

ce

hqi h=i

0.0

0.4

0.8

1.2

6
0 #

f
/
8
c

2

6#f/8c
2

0.0

0.1

0.2

0.0 0.1 0.2

Mean-field phase diagram:

[Ray, LJ, PRB ’21]



Quantum phase transitions

20

Order parameters:

) (7)

AFM

Nematic

[Ray, LJ, PRB ’21]



Quantum phase transitions

20

Order parameters:

) (7)

AFM

Nematic

Coexistence-to-AFM transition:

[Ray, LJ, PRB ’21]



Quantum phase transitions

21

Order parameters:

) (7)

AFM

Nematic

Nematic-to-coexistence transition:

0.0

0.5

1.0

0.0 0.5 1.0

<latexit sha1_base64="frOSn+oav7iFs+wxrLEopg26Q4c="></latexit> v
y
/
c

y

<latexit sha1_base64="MEB/5YYLr/Rbp84eZAutVqJZATc="></latexit>

vx/cx

[Ray, LJ, PRB ’21]



Quantum phase transitions

21

Order parameters:

) (7)

AFM

Nematic

Nematic-to-coexistence transition:

0.0

0.5

1.0

0.0 0.5 1.0

<latexit sha1_base64="frOSn+oav7iFs+wxrLEopg26Q4c="></latexit> v
y
/
c

y

<latexit sha1_base64="MEB/5YYLr/Rbp84eZAutVqJZATc="></latexit>

vx/cx

Uniqu
e ve

locity

Emergent Lorentz symmetry!

[Ray, LJ, PRB ’21]



(1) Introduction 

(2) Interaction-induced Dirac cones 

(3) Competing nematic & antiferromagnetic orders 

(4) Twist-tuned quantum criticality 

(5) Conclusions

ℓ �

Outline

22



Twisted bilayer graphene

23



Twisted bilayer graphene

23

<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„



Twisted bilayer graphene

23

<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

[Lu et al., Nature ’19]

<latexit sha1_base64="/hmE/w3vcspNTky2GO6Z8smAPl8="></latexit>

„ = 1:16°

c

–3 –2 –1 0 1 2 3

103

102

101

100

10–1

10–2

43210–1–2–3

0 T

R
x
x
 (
k
Ω

)

Ω

n (1012 cm–2)

480 mT

–4

Filling ν

Carrier density ne (1012 cm-2)

R
es

is
ta

n
ce

 R
xx
 (

kΩ
)



Twisted bilayer graphene

23

<latexit sha1_base64="Cv4mQyX8q+MJSrtjJi6X3/zKZJI="></latexit>

„ = 21:8°

-6 -4 -2 0 2 4

-200

-100

0

100

200  2T

 4T

 6T

 8T

 10T

E
 (

m
e

V
)

1/2 1/2

(d)

E
n
er

gy
 E

 (
m

eV
)

<latexit sha1_base64="S6YCyAeEvcBJzbxtpXkbt1lTxsU="></latexit>

±
p

|n|B (T1=2)

[Luican et al., PRL ’11]

<latexit sha1_base64="S0b4pPMkrZ3J7S6dFkQYlW5GtaU="></latexit>

„

[Lu et al., Nature ’19]

<latexit sha1_base64="/hmE/w3vcspNTky2GO6Z8smAPl8="></latexit>

„ = 1:16°

c

–3 –2 –1 0 1 2 3

103

102

101

100

10–1

10–2

43210–1–2–3

0 T

R
x
x
 (
k
Ω

)

Ω

n (1012 cm–2)

480 mT

–4

Filling ν

Carrier density ne (1012 cm-2)

R
es

is
ta

n
ce

 R
xx
 (

kΩ
)



Twisted bilayer graphene
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Quantum twisting microscope
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Quantum twisting microscope
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Lattice model
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Hamiltonian:

Vppπ

Vppσ

…

…

a0

d0
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Lattice model

25

Hamiltonian:

Vppπ

Vppσ

…

…

a0

d0

Slater-Koster hopping:
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z
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r0 for a0 ≤ r ≤ 6a0

0 for r > 6a0
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... with Vppı ≈ −2:7 eV, Vppff ≈ 0:48 eV, and decay length r0 ≈ 0:319a0

[Moon & Koshino, PRB ’13] 

[Koshino et al., PRX ’18]
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Electronic band structure
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Toy lattice model:
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Interactions
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Toy lattice model:

Simplifications: 

• Spinless fermions 

• Nearest-neighbor intralayer interactions only 

• Neglect corrugation effects  

• Increased interlayer hopping Vppσ
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Quantum phase diagram: Mean-field theory
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Twist-tuned transition
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Kramers intervalley 
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Twist-tuned quantum criticality
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Δ (�1, �2) = (1.45eV,0) T = 0K �1, �2) = (1.45eV,0)

KIVC order parameter Δ vs θ̃ :
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Twist-tuned quantum criticality

30

Δ (�1, �2) = (1.45eV,0) T = 0K �1, �2) = (1.45eV,0)

KIVC order parameter Δ vs θ̃ : Effective field theory:
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Δ (�1, �2) = (1.45eV,0) T = 0K �1, �2) = (1.45eV,0)

KIVC order parameter Δ vs θ̃ : Effective field theory:
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Candidate ground states
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State of Matter C2 T C2T UV (1)
Semimetallic (SM) 3 3 3 3

Valley-Hall (VH) 7 3 7 3

Quantum Anomalous Hall (QAH) 3 7 7 3

Valley-Polarized (VP) 7 7 3 3

Kramers Intervalley-Coherent (KIVC) 7 7 3 7



Valley polarization
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… with ηij = ± 1 for clockwise (counterclockwise) hopping

Valley polarization operator:

ℓ 

…with ��� = ±1
[Ramires & Lado, PRB ’19]
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