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Exercise:
non-Abelian finite group, the permutation group S3, we have:

S3 e a1 a2 b1 b2 b3
e e a1 a2 b1 b2 b3
a1 a1 a2 e b2 b3 b1
a2 a2 e a1 b3 b1 b2
b1 b1 b3 b2 e a2 a1
b2 b2 b1 b3 a1 e a2
b3 b3 b2 b1 a2 a1 e

The six elements are classified into the identity element e, elements bi whose square is e

and finally elements ai for which the square does not yield e but, as can be seen easily,

the cube does. It is generally true for any finite group that there exists some exponent n

for each element g such that gn = e. The smallest exponent for which this holds is called

the order of the element g. This is not to be confused with the order of a group G which

simply means the number of elements contained in G.

5.2 Group presentation

Clearly, the definition of a finite group in terms of its multiplication table becomes cum-

bersome very quickly with increasing order of G. It is therefore necessary to find a more

compact way of defining G. Noticing that all six elements of S3 can be obtained by mul-

tiplying only a subset of all elements, we arrive at the notion of generators of a group.

Denoting a1 = a and b1 = b, we obtain a2 = a2 as well as b2 = ab and b3 = ba. In other

words, a and b generate the group S3. Being the group of permutations on three objects

which is isomorphic to the group of symmetry transformations of an equilateral triangle, a

corresponds to a 120◦ rotation and b to a reflection. This observation leads to the definition

of S3 using the so-called presentation

< a , b | a3 = b2 = e , bab−1 = a−1 > , (5.1)

where the generators have to respect the rules listed on the right. Depending the these

presentation rules, a group can be defined uniquely in a compact way. Unfortunately,

such an abstract definition of a group is not very useful for physical applications as it

does not show the possible irreducible representations of the group. We therefore quickly

continue our journey through the fields of finite group theory towards the important notion

of character tables.

5.3 Character table

In order to understand the meaning of a character table, is it mandatory to introduce the

idea of conjugacy classes and irreducible representations. Conjugacy classes are subsets

of elements of G which are obtained from collecting all those elements related to a given

element gi by conjugation ggig−1, for all g ∈ G. The union of all possible conjugacy classes
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By completing the table below, 
show that the rotations and 
reflections of S3 form separate 
conjugacy classes.

g geg�1 ga1g�1 ga2g�1 gb1g�1 gb2g�1 gb3g�1

e e a1 a2 b1 b2 b3
a1 e a1 a2 b3 b1 b2
a2 e a1 a2 b2 b3 b1
b1 e a2 a1 b1 b3 b2
b2 e a2 a1 b3 b2 b1
b3 e a2 a1 b2 b1 b3
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Exercise:

is a unitary matrix  UU† = I but   

! = ei2⇡/3

a =

0

@
0 0 1
1 0 0
0 1 0

1

A b =

0

@
1 0 0
0 0 1
0 1 0

1

Awhere

Show that 
U † = (UT )⇤

Hence show  

detU 6= 1
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Solution:

Hence UU† = I
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1 + ! + !2 = 0



Solution:

Hence detU 6= 1
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Solution:
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